Beryn

Knacnana mexanika mepejdavdace KiJIbKICHUI OINC MEXaHIdYHOI'O PyXy abo
HepeMilieHHs Tijia B mpocTopi. AJie Iisi Teopiss 3aCTOCOBHA He 3aBXKJIM. ZKIIO
MexaHiuHa JiisT (PIBUIHOI CUCTEeMH 32 IOPSIKOM BEeJINYNHHN 30I1ra€ThCsl 31 CTAJIO0
[ranka, To pyx HabyBae IHIMX SKICHUX (POPM: 3HUKAE caMe TMOHATTS TPacK-
TOPIT, 3’ ABISIOTHCA PUHIUITOBI OOMEXKEHHSI B TOYHOCTI BUMIPIOBAHHS (DI3MIHITX
BEJINYWH, Y PsiJli BUIAJIKIB BUHUKAE JUCKPETHICTDb 3HAYCHD JIeIKNX (PI3MIHUX Be-
JINYWH, XBUJIBLOBUI XapaKTep pyXy YacTHUHOK i T.J. Po3mipm 1ux cucteM HaJITO
MaJii. Taki cucTeMn yTBOPIOIOTH MIKPOC6IM. N CBOIO Uepry, CUCTEMHU, ITi 0PI TKO-
BaHI 3aKOHAM KJIACUIHOI MEXaHIKH, YTBOPIOIOTh Makpoceim. MexaHiky MiKpOCBITY
TPAUIIIHO Ha3UBaIOTh K6aHMO0601. 1o 00'eKTiB MIKPOCBITY HaJiezKaTb eJIeMeH-
TapHi YaCTUHKE (€JEKTPOH, POTOH, HEHTPOH TOIIO), Spa, aTOMU, MOJIEKY/IH i
kpucraan. KinbkicHa Teopiss MiKpOCBiTY NmOTpedye crenudivHoro moHATIHHOTO i
MaTeMaTUIHOrO arapaTy. Maiizke KoKHe TOHATTS MOJAETHCA 3a JOIMOMOTOIO Jie-
SIKOI MaTEeMAaTUYHOI KOHCTPYKIII 3 PO3JIL/IB MaTeMaTUIHOTO i (DYHKI[IOHAIHHOTO
aHaJI13Y.

HesBazkaroun Ha BeTMKY KIIBKICTH MOBHOIIHHNX MiIPYYHUKIB i3 KBAHTOBOI
Teopil, Y CTYJEHTIB TPAKTUIHO 3aBXK/I1 BUHUKAIOTH TPY/IHOII, OB d3aHi 3 ollpa-
IIOBAaHHSAM MaTepiajy, SKuil moTpibHo 3acBOITH. Y JJAHOMY MOCIOHUKY KOMIIAKTHO
BiI0OpazkeHO HaNOIIbII BayK/IMBI aCIIeKTH KYPCY, IO JIOIMOMOZKE CTYAeHTaM CHCTe-
MaTUIHO O3HAHOMUTHUCS 3 HUM.

Y X0J1i BUBUEHHs KyPCY KBAHTOBOI MEXaHIKH iCTOTHE 3HAYEHHs Ma€ HaOyTTsd
HaBUYOK, & OTKe, 3aCBOEHHSI TEOPETUYHOIO MaTeplasly IIOBUHHE CYIIPOBOJIKYBa-
THCh BUKOHAHHAM PO3B s3aHHAM BEJIMKOl KLJIHKOCTI PI3HOMAHITHUX 3aBJaHb. Y
MOCIOHUKY JI0 KOYKHOI'O PO3JiJIy 3alpOIIOHOBAHO 1HJIMBIyaJibHI 3aBJIaHH:A, a Ta-
KOYK TIPUKJIa I PO3B’sI3aHHs HAHOLIBINT TUIIOBUX 3a/1ad.

BekTopu Mo3HavYeHO KUPHUM MPSIMUM IPUPTOM, Hanpukaam, v. Ta »x Ji-
Tepa cBITIMM mpudToM (v) MO3HAYAE MOJIYJIb BIIOBIIHOTO BEKTOPA.

Hagenemo suadenns (B opunuigx CI) neskux dyHIaMeHTATBHIX KOHCTAHT,
BUKOPHUCTAHUX B JIAHOMY TOCIOHUKY:

3aps] eJIeKTpoHa e = 1,6021892 - 1071 Ku;

crasa [lnanka h = h/2m = 1,0545887 - 1073 IIxk-c;
Maca CIIOKOIO eJIeKTpoHa me = 9, 109534 - 10731 kr;
Maca CIIOKOIO IPOTOHa 1y, = 1, 6726485 - 10727 kr;

Maca CIIOKOIO HeHTpoHa my, = 1,6749543 - 10727 k.



1. XBuaboBa (pyHKIIA MIKPOYACTUHKHI Ta 11 (pi3muHUil 3MicT

OanuM i3 dyHIAMEHTAIBHAX TTOHSITH KBAHTOBOI TeOpil € KBAHTOBHil CTaH
cucremu (MiKpOYacTHHKH). MaTeMaTnaHO KBAHTOBHI CTaH 300pazky0Th 3a 010
MOTOI0 L8UABOB0T PYHKULE — JTeIKOI KOMILIEKCHOT (DYHKIII KOOpAMHAT 1 Jacy
U(L,t) (§ — cykymnHicTh BCiX y3arajbHEHUX KOODJIUHAT; JIJIST YACTHHKE B TPUBH-
MIDHOMY €BKJITOBOMY IPOCTOPi { =),

XBuboBa (BYHKIIiS cama 110 co0i He Mae Pi3MIHOro 3MicTy, TOOTO € Hecno-
CMEPEINCYBaH010 8eAUNUHOM0. Y KITACHIHIN MeXaHilll, HalpuKJIa/l, KOOpJIuHATa He
Oyle MaTHu 3MICTy JIOTH, JIOKH He BU3Ha4YeHUii BUOIp modarky koopjuHat. Te K

o .

MOXKHa CKaz3aTH i Mpo 4ac, i Ipo IMOTeHIiaJbHy eHeprito. B enekTpoanHamii
HECIIOCTEPEKYBAHUMU BeJIMYUHAMU € MOTEHI1a N eJIeKTPOMATHITHOTO MOJIS.

s ommcy BLIBHOTO pyXy YacTUHKH 3 Macoio m Ta iMIyabcoMm p JIyi ze
Bpoiisib 3ampornonyBaB 3aCTOCOBYBATH TIJIOCKY XBUJIIO!

Wy (r,t) = Aexp %(pr—Et) , (1.1)

2
. . P .
Ky MPUIHATO HA3UBaATH x8usero de Bpotias, ne B = o eHepris YaCTUHKU;
m

A — HeHyJIbOBa cTaJA.

Crana [Lnanka h — dyHnmamenTaibHa disndHa cTasia, crenudidia 1Jist MiK-
pocBiTy. 30Kpema, BoHa dABJIsI€ cOO0I0 KOeIIiEHT MPOMOPIIHHOCTI MizK eHeprieio
it wactororo y dopmyi (1.1). CriBBigHOIIIEHHST KBAHTOBOT TEOPIl JAf0Th KJIACHTHO
HeCyTepedIuBl pe3yIbTaTu 3a popMaJIbHOro Iepexoy jo rpanuti i — 0.

Y 3arajabHOMY BHUIIQJIKY XBHUJIHOBY (DYHKIIIO 3HAXOIATH 13 PO3B’SI3KY BiJIITO-
BIJTHOTI'O JIIHIfTHOTO OJIHOPIIHOTO JINdEePEHITHOTO PIBHSIHHS, TOMY 11 BU3HAYAlOTh
3 TOYHICTIO JIO JIOBLILHOI'O IOCTIHHOINO MHOYKHUKA — CMaAA0L HOPMYEaHHA. FIKIIO
XBHJIBOBI (DYHKIIT BiJIPI3HAIOTHCS TiJIBKH MOCTIHHUM MHOYKHUKOM, TO BiJIITOBIIHI
iM cTaHn pi3MIHO €KBiBAJEHTHI.

Maxkc Bopn 3anpononyBaB Taky (pisuynHy iHTEPIpPETAI0 XBUJILOBOI (DYyHK-
ii: xkeadpam modyaa TeUAbOBOT PyHKyLL NPonopulliinut 2ycmuti TMOBIPHOC
BUABNEHHA YACMUHKY 6 Moyl 3 Koopdunamoto & |W(, t)\Q ~ w(,1).

Y crani @inimnozo pyxXy JacTUHKa JOKAJII30BaHa B CKIHIEHHI{T 001acTi TPO-
CTOPY, TaK IO HAJEXKHIM BUOOPOM CTaJIOl HOPMYBAHHS OCTAHHE CITiBBITHOIMIECHHS
MOXKe OYTH TIePETBOPEHO B CTPOTY PIBHICTD:

2
(W(E, )" = w(C1). (1.2)
3a Teopiero HMOBIPHOCTI YMOBY HOPMYBAaHHSI JIJI XBIUJIBOBOI (PYHKIIT (DPiHITHOrO
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PyXy MOKHA CPOPMYJIIOBATH TAKUM THHOM:

[ v opa =1 13)

Q

Jle iHTerpyBaHHs BeJIeThCsl 110 6Ccbomy npocmopy L.

[nrerpan y Bupasi (1.3) cxindennnii Tibku Tosi, ko dyukiis |V (L, t)|2 HA,
BEJIMKUX BIJICTAHAX CIAJIAE JTOCUTH IIBUIKO. TaKoxK 13 1€l YMOBU BUILIMBAE, 110
HaBITh HOPMOBaHa XBUJIbOBa, (PYHKIIS BU3HAYAETHCS HEOJHO3HAUHO, & 3 TOUHICTIO
JIO JIOBLJIBHOI'O IOCTIfIHOrO (ha306020 MHodCHUKG, sIKUE 00UpalOTh Tak, 1100 110
MOZKJIMBOCTI CIIPOCTUTH BUIVISII, XBUJIbOBOI (DYHKIIII.

V xBuboBol (DYHKIHI HeMae yHisepcaavroi posmiprocmi. 11 po3MipHicTh
BU3HAYAETHCS TIJIBKU €JIEMEHTOM IHTerPyBaHHsI

W(¢,t)| = (dg) 7. (1.4)

Jlerko mobadauTu, 1m0 3a BUKOHAHHS CITiBBifHOMIEeHHs (1.4) miginTerpaibia (hyHK-
wist y Bupasi (1.3) Gy/e 6e3po3mipHO0. 3a XBIJILOBY (DYHKIIO MOKHA B3ATH TL/Ib-
KU Ty MaTeMaTu4iny (pyHKIIIO, dKa 38/ J0BOJILHIE YMOBU CKIHYEHHOCME, 00HO3HAY-
Hocmi 1 beanepepsrocmi.

[TosicHmMO iCTOTHY BIIMIHHICTH KBAHTOBOTO PYXY BiJI MOTITMPEHHS XBIJIi, Ha-
MPUKJIA]] €JIEKTPOMAruiTHOI. AKIo € N Kepes e1eKTpOMarHiTHIX XBUJIb, TO pe-
3yJIbTYI04a XBUJIA OyJie, K 1 B KJIACHUHIM MeXaHiIll, 3a/1eKaTu TIJIbKI BiJ OJIHIET
IIPOCTOPOBOI 3MIHHOI. ¥ BUNaJIKY cucteMu N MIKPOYACTUHOK 11 MOBHA XBUJIbHO-
Ba (yHKIis 3amexkarume B N npocroposux smiannx: W(y, - -+, {y,t). Onnak
3a eJIEMEHT iHTerpyBaHHs BapTO OpaTH eJIeMEHT TaK 3BAHOIO KoM@di2ypayitino2o
npocmopy dC = dC; - - - dCy.

OyngaMeHTaJ LI TPUHIAIT KBAHTOBOI TEOPIl — NPUHUUN CYNEPNO3UULEY
— SBJIsI€ CODOIO PE3YJILTAT y3araJbHeHHs eKCIIepUMEHTATLHIX BUITPOOYBAHD: Ak-
WO K6AHMOBA CUCTNEMA MOIHCE NEPEOYBAMU 6 CINAHAT 13 TEUALOSUMU PYHKULAMU
Uy 1 Wy, mo eona Mmooice nepebysamu U Yy cmari

U = ol + pUs, (1.5)

Jle o1 — JIOBLJIbHI KOMILJIEKCHI CTaJIl.

Jliniitra koMOiHAIS XBUIROBUX (DYHKINI Y mpasiit dactuni piBastaHS (1.5)
3aJ1a€ CYNEPNO3UYLI0 cmanie. THaKIIe KayKydn, cynepnoduuis cmatie K8aHmoeoi
cucmemu mestc byde cmanom uiei cucmemu. PosriassaeMo Jiesiki XapaKTepHi Ipu-
KJIQJIH.



ITpuknamx 1.1. YacTuHKa 3HAXOJUTHCS B CTaHI 3 XBUJIHOBOIO (PYHKIIEO

Asin =2 € [0; d]

sin—, x cal; _

U(z) = a O6uncaiTh cTajay HopMyBaHHs A.
0, r <0, z>a.

Poss’azanma. Yactunka JiokajizoBaHa B CKIHYEHHINl 00J1acTi poCcTOpy,
TOMY 3a YMOBY HOpMYBaHHsI 0OHpaemMo criBsigaorenns (1.3):

( 1o 2
1= \A|2Jsin2 ™ idr = 5 \A|2J (1 - cosﬂ) dz = % A%
a

a

[HTerpaJ Bijl JIpyroro JIoJlaHKa IIEPETBOPIOETHCS Ha HYJIb 3aBJIAKU IHTEIPYyBaHHIO
rapMoHiuHOl (ByHKIIT 3a 1T epiogoM. Takum 4rnHOM, HOPMOBaHA XBUJILOBA, (DYHK-

: 2 | mx
mist Mmae Burasa W (x) = 4/ —sin —.
a a _
ITpuknan 1.2. Yacrunka npuBejeHa B CTaH 3 XBUJIHLOBOIO (DYHKITIEIO
2
U (z) = Bexp {——2} , Jle Xy — cTasia po3mipHocTi gosxkuan. O6uncaits B.
2x§ N
Pose’sazanns. Osnadenns (1.3) 3a J0M0OMOro0 3aMiHu 3MiHHUX — = &
)
3BejieMo J10 tHmeepana ITyaccona:
1

o0 9 o0
1=|B J exp {—%]dx: |B|” J e de = | B> zov/m, = |B? =
0

—00 —0oQ

xoﬁ'

1

7o 53]
———exp | ——|.
To\/T 24§

ITpuknam 1.3. XBuaboBa PyHKITIA 3a/I€2KUTH BiJl TOJAPHOTO KyTa @ Ta 3a-

Ocrarouna Bignosias: V(zx) =

nana supazoM W (@) = Ae'*® e o — geska crata. BusHauTe MOXKIIMBL 3HAUCHHS
o Ta IpoHOpMYyiiTe XBIIbOBY (hyHKIIO W(@).

Poss’sazannsa. [lonspuuit KyT 3ajae JedKuil HanpsaMok Ha ttomuni X0V
BIITHOCHO MMOYATKY KOOPJAUHAT. &Y pas3i 3MiHNM KyTa Ha 27T HalpPsIMOK 3aJUITacThCS
HeaMinauM. ToMmy JUIsi BUKOHAHHSI YMOGU 00HO3HAMHOCMI (DYHKIIisI HOJISIPHOTO
kyTa U (@) nosunna 6yru nepioduunoro 3 nepiogom 21 W (9) = ¥ (¢ + 27).

3 sBHOrO Bursy dyukiii W (@) Ta momepegHbol yMOBU OTPUMYEMO 0OMe-
JKeHHsl Ha 3HadeHHdA cTajgol o e?™* = 1, 3Bi[KM BUILINBAE, IO BOHA IIOBHIHA
HaOyBaTH TIJIbKM HIJIMX 3Ha4YeHb: o =m = 0,41 ...

[Tongpunii KyT @ Moxke HaOyBaTH 3HavdeHHs 3 iHTepBaty 0 < @ < 27, ToMy
2n

yMoBa HopmyBanns (1.3) Habysae BUTIsi Ly J 1 (9)|*de = 2n|A|* = 1. Ocrarouno
0
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Tme
OTPUMYEMO HOPMOBaHY XBIIBOBY dyHKIi0: V), (@) = Nors m € Z.
T

IMpukian 1.4. [Iporopwmyiite dbyuxiii ¥y (0, ¢) = Ay i Vs (0,¢0) = Ay cos
Ha OJIMHUYHIN cdepi.

Poseg’szanmsa. 3ajani XBIUIbOBI PYHKIII 3a/1€KaTh TIJIbKHI BiJl IOJISPHOIO
Ta a3UMyTaJIbHOI'O KYTiB, TOMY PO3B’si3yBaTH 3a/4a41y Oy/1eMo Y cepudHiil cucreMi
koop mHat. EjnemenTt kyTta B Hiil df2 = sin0dode, 0 < 6 < w, 0 < ¢ < 27,

Crasy A OTpUMAEMO eJieMeHTapHUM iHTerpyBaHHsM 3 ymMoBH (1.3):

1
sin 0dede = 1, 3Bigkn Ay = —

T, (6, QdQ:AQJ’dQ:AQ .
100,00 a2 = i a2 = || =

(00— 4
S

-

Vv

4

Y xoi obuncaeHHs cTajgol HopMmyBaHHsI Ag 3pobumMo 3aMiny 3MiHHEX coS 0 = &

2n +1
4 3
J|\Ifg (0,9)°dQ = |Ay|? J do J E2de = g\AQF = 1. B pesysbrari Ay = =
0 -1

ao
3aJIaHy B YChOMY IIPOCTOPI y ceprmannx Koopjanuartax (ag > 0 — crama po3mip-

Zr
IMpuknazm 1.5. [Iponopmyiite xBuiboBy dyukiio V¥ (r) = D exp [——] ,

HOCTI JoBKUHN, Z > 0 — Ge3po3MipHa craja).

Posze’azanns. Enevent o6’emy v cepnannx kKoopauaarax d°r = r2drdS).
3acToCoBYI0OUN OOYNCIEHHST 3 MONEPeJHBOTO NPUKIaLy 1 3aminy & = 2771 /ay B
pajiagbHOMY iHTErpasi, Bupas (1.3) mepeTBopuMo 0 TaKOro BUIJISIILY:

2
G.TH
27r

T 3
J U ()| d*r = IDIQJdQ J r? exp (—a—0> dr = 4z | D|* % J&e—@dg ~ 1.
0 0

| Z3 Zr
Ocrarouno orpumaemo W (1) = 4 | — exp [——] :

ITpukaam 1.6. 3HaiijliTh KOOPJAMHATY T MIKPOYACTUHKU B OJHOBUMIpHI

IPSMOKYTHI MOTeHIabHIHA siMi mmpuHoo o—=10A 3 HeCKIHYeHHO BUCOKIME CTiH-
. . 5 2
dbyuKIis Mmikpoyactuaku Mae Bursag W = Az° (a — ).

Posze’azanna. Tycruna iimosipaocti Maxcumasbia, Ko || xBuibsosoi



d
dbyHKIIT Mae ekeTpeMyM. YMOBa, eKCTPEMYMY d—|\11\2 = 0. 3 el Mmaemo:
x

d 2 10 4 42100 4 2 10 3
£<Ax (a x))— A“10x7(a — x) A%z 4(a — z)” = 0.
2 9 3 10a .
A 2’(a—x)" (10 (a —x) —42) =0 = x:ﬁ:7,14A.

3aBaaHHS JJIsI CAMOCTITHOTO BUKOHAHHSI

2
x

1. XBuiboBnit naker 3ajanuit gynkiieo U(z) = Aexp —5.3 + ko |, ne
x

0
xo > 0 — crajia po3MipHOCTI JIOBXKUHU, 1110 BU3HAYAE MIUPUHY ITaKeTa; kg — craJja

3 PO3MIPHICTIO XBIILOBOrO 4ncjia. O0Unc/IiTh crajsy HopMyBaHHsT A.
2. XBusiboBa (DYHKIIIs 3a/iaHa Ha BCiil JificHIN ocl TaKUMU BHPa3aMu:

X

Uy (2) = Az exp (——) , Uy(x) = Avexp (—x—z) , Uy(x) = A (1 + 5”_2) -1

e xg > 0 — crasa posmiprocTi goBzKuHn. O0uncIiTs A.

3. XBUJIH0BI PYHKINT 3a/1aHi Ha OMHUYHIN cdepi y chepunannx KoopamHaTax
srpazom U (0, ¢) = B sin 0e™"?. O6unciTs crami nopmysanns B,

4. XBuiboBa, (DY HKITIST 3a,zL2aHa B YCbOMY IIPOCTOPI Y ¢pepUIHNX KOOPIMHATAX

r . .
supasom W(r) = Cexp —5.3 ) A€ o > (0 — crasia po3MIpHOCTI JIOBYKUHHU.
T
0

O6uncaite crany C.
5. XBujiboBa (DYHKINis JIesIKOT YaCTUHKN Mae Bursi W = ?e’"/ * ner —

BijicTaHb BiJ{ i€l YaCTKU JI0 CHJIOBOTO IEHTpa (Bi3bMITH 00 = L&). 3acTocoBy-
foun ymoBy HOpMmyBanHs (1.3), 3HaiijiTe KoedinienT A. BusHaure, sika rycTuHa
IMOBIPHOCT1 3HAXO/I?KEHHS 111€] YaCTUHKN Ha BIJICTaH1 2A.

6. XBuIboBa (PYHKIIiS JIesAKOl YaCTUHKKM Ma€ BUIIs WU = Ae™"/ * ner —
BiJICTaHb BiJI 1Mi€T 9aCTUHKE JI0 CUJIOBOTO MEHTpa (o = 1A) 3acTOCOBYIOUN YMOBY
HopmyBants (1.3), Busnaure koedinient A. Busmaure, na sxiit sigcrani 1 (y
HAHOMeTPAaX) Bijl MOYATKY KOODIMHAT IMOBIPHICTH 3HAXO/KEHHST MIKPOYACTHHKN
MakcuMa bHa. OOUUC/IITh TYCTUHY HMOBIPHOCTI (© 3HAXO/[?KEHHSI T1i€1 YaCTUHKI HAa
BlJICTaH1 2A BiJI moYaTKy KoopjaunHatr. BusHadre Bijcranb ro (y HaHOMETpAX) Bijl
YaCTUHKH JI0 CUJIOBOI'O IIEHTpPA, Jie I'YCTUHA IMOBIPHOCTI 3HAXOJI?KEHHS YaCTUHKN
nopismioe 5,83 - 1023 m~3.

7. BHallJliTh MaKCUMAJILHY TYCTUHY HMOBIPHOCTI 3HAXOJKEHHA MiKpOoda-
CTUHKHU B OJJTHOBUMIPHIN NPAMOKYTHI{l IIOTeHIlabHIi $MI IUPUHOIO @ = 10A 3
HECKIHYEHHO BUCOKUMM CTIHKAMU, SIKIIO XBHJIbOBI (OYHKIIIT MalOTh TaKMUil BUIJISII;
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U, = Ar’(a — 2)%, Uy = Az(a — 2), U3 = A2z*(a — x), ¥y = Ax(a — )%
U5 = Az*(a — o).

8. 3HaIITh KOOPJAMHATY T MIKPOYACTHHKU B OJHOBUMIDHINI NPsIMOKYTHIil
MOTEHIIAJIbHIT $IM1 3aBIIUPIIKU G = 10A 3 HeCKIHYEHHO BHCOKUMHU CTIHKaMH,
3a SKOI I'yCTHHA MMOBIPHOCTI 11 3HAXO/[?KEHHS MaKCUMaJibHa. XBUJIbOBa (DYHKITIA
MiKpouacTHHKE Mae Takuit surisa: Uy = Azt(a — z), Uy = Ax(a — )%,

U3 = Ax(a — )3, Uy = Ax’(a — x).
n+ 1)nx

: 2 .
9. XBunboBa dynkIig W, = 4/ —sin ————— omnuncye cTal eJeKTpoHa B
a a

OJTHOBUMIPHIN MPAMOKYTHI# TTOTeHIIaAbHII IMi 3 HECKIHUEHHO BUCOKUMU CTiHKa-
vu, e a = 10A. Busnadre koopuHaty © eleKTpoHa (y HaHOMeTpax), jie TyCTHHA
fimoBipHocTi fforo 3Haxojzkenns jgopismioe 2 - 107 M1,

2. Oneparopu B KBaHTOBIiI MeXaHIIIl

Y KBaHTOBIil MexaHiIll JijIst 300parkeHHs (PI3MIHUX BEJIUYNH CJIYKATh One-
pamopu. 3 MaTeMaTUIHOI IO3UII OIepaTop sIBJIsE€ CODOI0 CIOCIO Iepexomy Bij
0JIHi€T XBMJILOBOI (PYHKIIT 10 iHIIOI. OnepaTop Mo3HavYaloTh, HAIIPUKJIA, TaK: D.
Barmc lA7\II(Z;) o3Havae 010 onepamopa D na dynryiro W(Q), 1o B 3arajbHOMY BH-
HaJKy He 3BOAUTHLCA J0 3BUUYAiHOrO MHOYXKeHHsI. Pe3yavmamom 0ii onepamopa Ha
dynryiro 6yde pyrryia. OrepaTop BU3HAYAIOTH HA JIeSIKiil MHOYXKUHI, ab0 K.Aaci,
dyukiit. ¥ KBaHTOBIiil Teopil — 1e PYHKIIIT, 0 38 J0BOJILHIIOTH CTAHIAPTHI YMO-
BHU CKIHYEHHOCMI, 00HO3HAMHOCTT Ta beanepepsrocmi. Busnavumu orepaTop —
O3HAvYa€ 6CMAMOBUMU TIPABIIO fioro il Ha dosiavhy dynkyiro darozo Kaacy.

BusnaunMo HallBaXKIUBIII MpaBUIa aJredOpUIHuX Jiif Ha i orepaTopaMu.

OneparopHa piBHICTH A = B Orneparopnu AiB JIOPIBHIOIOTH OJTNH
JIAHOTO KJIaCy OTPUMYEMO OJHAKOBI (DYHKIIIT: A\\II(C) = E\II(C)

Hysasosmii omeparop 0. Oreparop Hy/Ib0BHi, SIKINO BHACTIIOK f0ro il
Ha joBlIbHY dyHKIII0 V(L) pesyasraroMm Gyjie TOTOXKHUIT HYJIb: 6\11(@ = 0.

Oauauanuit omeparop 1. Oneparop OJUHUYHNI, SIKINO {IOr0 jist HA J10-
Bitbiy bynkiio U(L) ne smimoe ocrammo: 1¥(E) = ¥(C).

MHo>keHHd oriepaTopa Ha CTaJLy ad. Y pe3yJIbTaTi MHOYKEHHS OIlepaTo-
pa Ha CcTajly OTPUMYEMO HOBHIl OllepaTop, Jifo sIKoro Ha joBlibHY dyHKIi0 V({)

BU3HAuaE Take npasuio: oAU (f) = a (EW(C))

Cyma oneparopiB A+ B. Cywmorio onepatopis A i B HazuBaioTh omeparTop,
st stkoro Ha JIoBLIbHY dyHKIio V() nosrae B He3aeKHiil /il HA Hel KOKHOTO



oreparopa OKpeMo 3 HMOJAJbIINM JI0JaBAHHAM Pe3yJILTaTIB:
(ﬁ+§)ﬂ@:(2ﬂ@)+(§wg)

3BijIcH BUILIMBAE, IO CYMA ONEPAMOPLEe 3a624C0U KOMYMAMUEHA:

A~

A+B=DB+A. (2.1)

~ ~ ~

obyTok omepatopiB A - B. Hobyrkom orepatopiB A i B Ha3mBaioTh
oreparop, Jisi Koro Ha JoBiIbHY dyHKIi0 V() mossirae B MOC/II0BHI [T Ha
nel crovarky oneparopa B, a morim A: (21\@) U =A (E@(C)) Ha Bimminy
BiJI cymMu JIOOYTOK OIepaTopiB y 3arajbHOMY BUINAJIKY 3aJIEKUTH BiJ MOPIAIKY
HACTYITHOCTI CIIBMHOYKHUKIB, TOOTO doOymok onepamopié HexoMymamueHut. Y
KBaHTOBIil MexXaHiIll BBOJIATH CIEIiaIbHy KOHCTPYKILiIO, M0Oy/I0BaHy 3 JIOOYTKIB
OIIEPATOPIB, — KOMYMaAmop:

4.B) - AB- A 22)

TaxkoxK icHY€E MOHATTS AHMUKOMYMAMOPG: {ﬁ’ E} — AB + BA.

O6epuenunii oneparop A~!. O6epuennm J1o A Oy/J1eMo Ha3uBaTH TaKMii
orepaTop 2*1, JIJIST SIKOT'O BUKOHYETBCS CITIBBIJIHOIIIEHHSI: ATA = A4 = 1.

Iinuit momaTHMii cTeniHb oreparopa Am e n-KpaTHUM JOOYTKOM OIle-
paropa caMoro Ha cebe: A= A.. . . A

EpwMmiToBo-cnpsi>keHuit onmepaTtop At Omueparop At nasusaromo epMIMOB0-
cnpasicenum oo A, SKINO 115t JOBLILHIX byHKIiH T(€) i V(L) cupaBKyeTbest
PIBHICTD

[T AeEa - [e@ AT @ (23)

fximo fist oneparopa Ha (BYHKINIO 3BOUTHCS 10 MHOYKEHHsT 11 Ha (yHKIIi0 0():
ATU(C) = o(Q)U(C), To st nei Maemo pisnicts o (§) = *(K).

OrnepaTop HA3UBAIOTH CAMOCNPAHCEHUM 200 EPMIMOBUM, SIKIIO BiH 30i-
ra€ThCs 31 CBOIM ePMITOBUM CIIPSIZKEHHSIM: At = A,

Omneparop A HasuBAIOTH YHIMapHUM, FKIIO MO0 epMITOBE CIPSZKEeHHS
30iraeThest 3 0OepHEHUM OIIEPATOPOM: At = AL

Y KBaHTOBIiil MexaHiIll BeJIMKe 3HaYeHHsI MalOTh TaK 3BaHl ATHITHT onepa-

MOopuU, K1 33JI0BOJIbHAIOTH YMOBY

A(o® + BY) = aAD + BAT (2.4)

10



JUtst JToBLIbHUX (byHKIIH P 1 W Ta JOBIIBHUX KOMILJIEKCHUX cTajux o 1 B. s
BUKOHAHHs HPUHIUITY cyneprosutii cranis (1.5) omeparopu (hisudHUX BeJTUINH
noGUHHL OYMU ATHITHUMU.

Y Tabs. 2.1 HaBeJEHO OlepaToOpu HaWBAXKIUBIMNNX (DI3UIHUX BeJndIuH (1M
— Maca Jactuskr). [lepii 1micTh i3 HUX 3aCTOCOBYIOTH $IK Y KJIACHUHIl, Tak i B
KBaHTOBIi{l MexaHini. [lapHicms — cyTO KBaHTOBA XapaKTEPUCTHKA MiKPOOO €KTIB.

Tabmurg 2.1. Onepatopu ocHOBHUX (DI3UIHUX BEJIMYNH

Diznuna BeJIUINHA Orneparop
Koopdunama
r=iz+jy+kz= Zekxk TVU(r) =r¥(r)
k
Imnyavc
: : N . L0
p =1ip, +Jjp, + kp. = Z erpr | PY(r) = —ihVVU(r) = —zhalll(r)
k
Opbrmanvnuti momenm
P i Kk e exB , i j k
=rxp|l=—ih| x z |,
L=[rxpl=|2 vy z|, P Qgg
Ly = yp. — zpy, Ly = —ih (y% N Z%) ’
_ _ T . 0 2]
LLy = 2Py — IP2, L, = —ih (z% — x&) :
2 = TPy — YD L. = —ih (%% _ y%)
Kinemuuna enepeia
2 2 2 2 ~2 2
T, + s ~ h
- X _LThTP TV (r) = p—\If(r) = ——AVY(r)
2m 2m 2m 2m
Homenuyiarvha enepeis
U="U(r,t) UV(r,t) =U(r,t)¥(r,t)
Ilosna enezpia
p ~ h?
m oneparop I'amijabToHA
Iapricmo
P IV (r,t) = ¥(—r,t)
orepaTop iHBepCil

Posrygnemo meski xapakTepHi TPpUKJIaIN.

o~ PN N2
ITpukmaam 2.1. YV nobyTKax oneparopis (F — G) : <F + G) Ta (F + G)
PO3KpUITE JTIyZKKU.

11



Poss’azannsa. [logamo pesyiabratu y dopmi, HalOiIbIn OJIM3bKIH 10 Bij-
HOBIIHUX TOTOXKHOCTEH JJIsI 3BUUAHUX THCET:

(ﬁ—@) <ﬁ+@> = ﬁ<ﬁ+@>—@<ﬁ+@>:ﬁ2—62+ﬁ@—@ﬁ:
— ﬁz—@2+{ﬁ,@}.
<ﬁ+@>2 = <ﬁ+@> <F+G> (F+G>+@(ﬁ+@>:
— ﬁ2+§2+ﬁ@+@ﬁ:ﬁ2+2ﬁ@+§2—{ﬁ,@}.

BigminHicTh BijJl 3BHYAHOI ajredpu IOJISIra€ B J0JATKOBUX CKJIAJOBUX — KOMY-
TaTopax.
AN AN —1

IMpuknasm 2.2. Bupasits onepatop (F G)  uepes Flra Gl
Poss’azarmna. Jlerko HOKaSaTI/I 11(6) F1=1F = F. 3a susnauensm obep-

HEHOI'O OIlepaTopa; (F G)(F G) = 1. HepeTBopMMo JIBY MACTHHY PIBHOCTI, 110-
MHOKIBIIN OGM B 9aCTHHY 3/iBa criouarky na FL, a moriv na G~

“(FG) (FG) =F' = G'G(FG) =GP
V pesybrari orpumaenmo Totoxkuicts (FG) = G 'F~!. Bomna semoncTpye Bij-
MIHHICTBH OTIepaTOpiB BiJl 3BUYAWHNX 4YKCeJI. SKINO K OlepaTopu KOMYTYIOTh, MU
MIPUXOJIUMO JI0 «TPJAUIIITHOTO» TTPaBUIa MepeTBOPEHH JO0YTKY YUCE].

AN AN A

ITpuxkaam 2.3. Bupazite komyTtarop |A, BC'| depe3 mpocTi KoMyTaTopn
A,B]1|4,0]
Pose’ A3AHHA. 3aCTOCOByIO‘{I/I O3HaUeHHsT KoMyTaTopa (2.2) 1 1Bl qomomizK-

Hi Toromuocti F+0=FiF—F = O IIePETBOPUMO 3aJlaHNil KOMyTaTOp TaKUM
YUHOM:

AN AN AN AN AN AN AN AN AN AN AN AN AN AN

[2, Eé} — ABC+0— BCA= ABC + BAC — BAC — BCA =
— ABC — BAC + BAC — BCA = (21@ - Eﬁ) C+B (?1(7 CA)
Y pesysbTaTi OTPUMAEMO CITIIBBITHOIICHHS {A\, E@} = {A\, E} C + B [ﬁ, 6} . O1-
pUMaHa TOTOXKHICTh Ha/I3BUYAIHO 3pydHa Yy XOJII «CIIPOIIEHH» KOMYTATOPIB.
ITpuxkaamx 2.4. O64uc/IiTH KOMyTATOP [r, ﬁ2]
Poseg’sazarHsa. 3anucapiiyg KOMyTaToOp Yy JEeKapTOBiil cucTemi KOOpJMHAT,

12



3aCTOCYEMO BJIACTUBICTH OLIHIITHOCTI i1 pe3yJsIbTaT HONEePEIHBOIO MPUKIAJLY:

[I“,IA)Z] = [Zekxk, i :Zek[%,ﬁzﬁl]:
k I k.l

= > er{[zx, PP+ i [wr, B} = 200 ) exdupi = 2ihD.
k.l k,l

A~

ITpuxkaam 2.5. O64uc/aiTh KOMyTaTOPN [r, H ] : [ﬁ, H }, BBarKato4uu BULJIS/T
noreniaabHol eneprii U(r) 1 Macy 9acTUHKE M BiIOMHIMI.
Po3e’sizarms. 3acTOCYBABIIN PE3YJILTATH IIOHEPEIHIX 38/1ad, OTPUMAEMO

TaKl BUPa3U:

[r, Iﬂ = [r, % + U(T)] = % [r,p*] +[r.U(r)] = gﬁ
b.0| = - [% + U(r),f)] _ —ﬁ $%.9] - [U(r),p| = —ihgrad U(r).

JlaHi TOTOXKHOCTI 3aCTOCOBYIOTH JIJIs BUBEJICHHS JeAKNX (DYHIaMEHTATbHUX CITIIBBI/I-
HOIIIEHb KBAHTOBOI TeOpil.

ITpukaamx 2.6. O64uc/HiTH KOMyTATOP {xk, Zl}

Poss’sazanns. Bupasumo L; 3a jornomoroio cumposy JleBi-HuBiTnl:

[xkuLl} — [xk7§ 8lmnxmpn] - § E€lmn [xkaxmpn]:
m,n m,n

— § €lmn {[.Ik, xm] Pn + T [xkapn]} =1ih E ElmnTm = ih § ElmTLm-
m,n m m

Ha octannboMy Kpoli MU 3poOuini IUKJIYHY I[IePeCTaHOBKY 1HJEKCIB, Bij SIKOI
3HadeHHsI cuMBOJ1y JleBi-HupiTi He 3MIHIOETHCS. JIerko nmodadunTu, 1o 3a paxyHoOK
€-cMBOJTY (hOPMYJIN OLIBIT KOMIIAKTHI.

ITpuknam 2.7. 3a jgomoMororw mpaBuji KOMyTallil JIOBEIiTh, 10 OIIEPaTOP
L? xomyTye 3 onepaTopamn L, L,iL..

Posze’azarns. CriouaTKy po3risiHeMo KoMyTarito L2 3 omepaTopoM L,

~ ~

ZAECARAN A

Koxna mpoekiiig oneparopa MOMEHTY KOMYTYE caMa i3 co0010, TOJI TepInii J10-

A~

JTAHOK PIBHOCTI {Li, L,| = 0. OcranHi gBa KOMyTaTOPH IOJAMO Y BUIJISIII

~ ~ o~ ~

[E;, Lx] - I, [Ly, Lx} + [Ey, Ex] L, = —i (Zyiz _ Ezfy) :

)

~ ~

2L| = L.|L..L)| + L. L] L. = —in (L.L, - L,L.).
13



OcraTo4Ho MaeMo, 110 [L2, Lx} = 0. AnaJjioriuno joojumo jig Ly ta L.

IIpukiaan 2.8. JloBeniTh, 1110 SIKIIO OIIEPATOPHU Ara B e€pPMITOBI Ta KOMY-
TYIOTD, TO ofepatop AB Tes epMiToBmil.

Pose’szanns. 3 ymosn epmitoBocti (2.3) omepartopis Arta B BUILTNBAE,
1110

J\Iffﬁ (E%) d¢ = JE\DQ (ﬁ*xp’;) d¢ = Jﬁ*\p; (E%) ¢ = prgé* (E*xp’;) dg.
OckisibKu oreparopu AiB KOMYTYIOTh, TO B*A* = A*B* 1a
J\V;Eé\pzdc —~ J%E*é*qq‘dg

0 1 € YMOBOIO €PMITOBOCTI ollepaTopa AB.

ITpuknamx 2.9. IIpunycrumo, 1o L — JIOBLIbHII JiHIIHII onepaTop. [o-
BEJITD, 1110 <E+>+ ~ L

Poss’sa3anms. 3acTOCOBYIOUN O3HAUYEHHS €PMIiTOBO-CIIPSAZKEHOIO OIEepPaTO-

pa (2.3) Ta BIACTHBOCTI CKAJISIPHOTO JOOYTKY JIJIsd JIBOX JMOBLIbHUX QyHKIiiH P i
W, oTpuMaeMo, 110

~ ~ ~ * ~ A\t * ~ A\t
((I),L\I/) _ (L+c1>,\11) _ (\II,L*CI)) _ ((L+> \IJ,<I>> _ (cp, (L+> w) ,
3BIJIKI BUILJINBAE TBEP/ZKEHHS 3a]1adl.
ITpuknam 2.10. /loBemiTs, mo g OyAb-IKUX TPbOX JIHIHHIX OIlepaToOpiB

AN AN AN

o~ A + L A~
A, B, C cupase/yiuse CIIBBLIHOIICHHS (ABC) = CTBTA".

Pose’sazanmns. 3 ongHOro 60Ky, J/si ABOX J0BUIbHIX GyHKIIH Y 1 {2
o~ o
(T,ABCQ) - ((ABC) T,Q) .
3 inmoro 60Ky,

(T,?@é@) - (ﬁw,ééfz) - (E*ﬁﬂ”,@(l) - (6+§+2+T,Q) .

To610 ((EE@)W,Q) _ <6+§+2+T,Q).
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IMpukiazng 2.11. JoseniTh epMITOBICTD O1epaTopa P
Poses’sazanmns. 3jiiicieMo TaKi IepeTBOPEeHHs, Maloun Ha yBa3i, 1[0 B HECKIiH-
YEeHHOCTI XBMJIBOBI (DYHKIIT Ta X IOXiJIHI IePeTBOPIOIOTHCSI Ha HYJIb:

o0 o0 +00 o0
AV AV
memzd:ﬁ — —ih J Ut (=2 ) do = —ih | Ui, J Uy—Ldr | =
dr - dx
00 | d * 00 .
= Uy zh% Uidr = Vop,VUidz.

IMIpukaam 2.12. JloBegiTh caMOCHPSZKEHICTH OLIEPATOPa Dy
Poseg’sazarHs. 3acToCyBaBIIN sIBHUI BUJ OIlepaTopa IMPOEKIIl IMIIY/IbCY,

AN o\" 0
~ _ [ _ N iR\t — ip . —
D = ( Zh@::r;) (8$) (—ih) zh&p D

ITpukaam 2.13. Hexaii komyraTopom jnBox omeparopiB A i B e aucio
A+B) _ MANB —ich /2

Ma€MO

{A, B} = 1c, 1e ¢ — jiiicHa craJja. JoBemiTh Bupas 67”(

~ =D -~ 35 a2
Pose’sazanns. Beegemo oneparop F (L) = MAB) _ MABo—ia?(2 1y

3Hall1eMO MOX1JIHY ollepaTopa 3a apaMeTpoM A

OF (L)
O

_ <g+ E) MALB) _ FMANB . A AB +zckem AB =

3acTOCOBYIOUN KOMYTATHBHE CITiBBIIHOIIEHHSI {A, B} = 1€, OTPUMAEMO

A"B = A" 'BA+icA" ' = .. = BA" +icnA" Y,
TOOTO .
AMEB = Bt +ic ; %A\”_l — BeM + icheM.
OF (A

Ot2Ke, MAEMO CIIiBBIJIHOIIEHHS = (A + B> F (A), i3 SIKOTO BUILINBAE, IO

F A) =e M4+B )G ne G — OIIEPATOP, IO He 3a/IeKUTh BiJ IapamMeTpa A.
Bad=0F = 0, Tomy G=0maF= 0, o it Tpeba OyI0 JOBECTH.
ITpukaam 2.14. Oneparop 3cyBy B3J0BXK OCi & BU3HAYAIOTH 38 IIPABILIOM

T,V (z) = U(z—a), ne U(z) — xsumboBa GyHKIis. SHAMIITE AHATO THILH BUIVISL

IIbOI'O ollepaTopa 1 JIOBEJIITh 010 YHITAPHICTb.
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Poss’sazanms. Po3zsunemo mpaBy dacTUHY 3a/1aHOT0 PIBHAHHS B psaj Teii-
Jlopa 3a CTeleHsAMU TTapaMeTpa 3CYBY a:

U (z—a) = i(—mg%@ _ f%% [—a%r U(z) = f;% {—%a@r ¥ (z).

3acTOCOBYIOUN OIIEPATOPHY PIBHICTD, OTPUMYEMO SIBHII BULJISIL OIIEPATOPA 3CYBY

~ i d .

T, = exp —ﬁapx = exp —ad— . OcraHHiil 3a11C J103BOJIsSIE 3POOUTH BUCHO-
x

BOK IIPO YHITApHICTb OllepaTopa 3CYBY.

3aBgaHHA J1JIsI CAMOCTIITHOrO BUKOHAHHS

1. ToBeniTs, 110 onepaTop MiJIHECEHH JI0 KBaJpaTa € JIHIIHHTII, a omepaTop
KOMILJIEKCHOT'O CIIPSZKEeHHS — HeJIIHIHUIL.

dx? dx

, _ d\> [ d\* (1 dY°
3. 3HaiiaiTh ssBHUi BurIsg oneparopiB v+ — | , (za— ) , [—+— ] .
dx dx r dx

T T x x
4. PoskpuiiTe ay»KKu: (— — &> - (— + px)) (_ T px> : (_ 4+ &) :
Lo  Po Lo Po Lo Po Lo Po

SKIO Tg 1 pg — CTaJl PO3MIPHOCTI KOOP/IMHATH i 1Mnyﬂbcy BI/IITOBIJTHO.

d? d \*
2. BHAILITD pe3yJIbTar [il onepaTopis —= x> Ta (—:1:) Ha (PYHKIIO COS T .

D. ﬂOBe,ZLlTb o i JIOBUIBHOTO OIIEpaTopa F JUlsl AKOTO BHKOHYETHCH
yMoBa F' 2 — = 1, cupaBeJlJINBe CIiBBIIHOIIEHHS e”‘F = CcosA + iFsin A,

d d d
6. IlepeBipre, 4u € oneparopu i—, ix—, 22 cos X, —1 COS T— ePMITOBIMIU.
dx dx dx
0 o "
7. BHAHIITH OllepaTOpy €PMITOBO-CIIPSIzKEH] ollepaTopaMm za— T— 5 8 ~.
x Ox

8. st Tphox omepaTopis A BiC 3HAMIITh IPABUJIO KOMYTAIIil AB Cl.

9. ﬂﬂﬁ JIOBLJIBHUX OIIEPaTOpiB Li M 110 38/[0BOJILHAIOTH CIIIBBITHOIIEHHS
LM — ML = 1, 3HaiITh 3HAYEHHST BUpasy LM? — M?T.

10. Jlosesits, mo onepatopn LTL, LLT, L + LT i Z(Z— Z*) OYIyTh
epPMITOBUMH, SIKITIO L — joBitbumit oneparop.

11. JloBeniTh, 1m0 orepaTop G = ACA* epmiToBuii, ko oreparop C
€pPMITIB.

12. HoseuiTh, 1o gkio A i B — epmitosi oneparopu, To oneparopu AB +
BA it (AB — BA) TAKOXK €pMITOBI.

13. 3fsacyiiTe, 3a sIKHX YMOB OII€paTOP 12 OyJie epMITOBUM, SKIIIO OIEPATOP
IT HeepmiToBumii.
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14. JoBegiTh caMOCIHPsIzKEHICTb OlIepaToPiB (PI3UUHNX BEJIMYNH Ta OIIePATO-
pa 1HBepcil.

15. Oneparopu FiG— epMiToBi. JloBemiTh caMOCIIPSzKEeHICTh % {ﬁ , @]

16. ITokaxkiTh, 110 JOOYTOK YHITAPHUX OIEPaTOPIB € YHITapHUIl olepaTop.

17. Ilpunyckatoun, mo A — MaJjia BeJUdnHa, 3HAHIITh PO3BUHEHHA B Pl

oriepaTopa (2 — ké)  3a crernemsvm A.

18. Homexits cuiBBigHomenuss bBexepa — Kemnbeara — Xaycdopga:

1 1 -~ ~ ~ o~
B+ |AB]+ 54|45+ 5|4 |4 |45]]]+
2! 3!
19. JloBeiTh TOTOXKHICTL Beting eﬁ +G [F ¢/ 2€F eG JIJIS OTIEpATOPIB, IO
3aJI0BOJILHSIIOTH YMOBH [ﬁ, [ﬁ, @H =0, [G, [ﬁ, G\H = 0.
20. Bmaiigite Taki Komyraropu: (x;,Djl, [z, x;], [Di,Dj], [T, (rD)],
*, 6B). (5", B)]. [(6F). BT |os A, [30 1], [v7, 2], [ 1. |
P L] Lo L), [0, [L09], [Lo D), (L0 392, [T (39
L. 00)3|, [L (@@ +)], [L.7a1), [Looid]. [Lo2di]
21. Bmaiigite Taki komyratopu: [B(r),p|, [A(r), p], [B(r),f;}, [A(r),i},

~

eABe 4 =

r ~2
B(r),L ] 3a ymosn, 1o B(r) i A(r) — mudepentiiioBui ckajasgpHa i BeKTOpHA
byHKIIT KoOpIMHAT BiAOBiIHO.

3. Baacui pyHKIIIl Ta BJacHI 3HAUYEeHHsI OMepaTopiB

ZAKkio Bigoma XBIIbOBa, (DYHKIISA KBAHTOBOI CUCTEMI, TO CEPEIHE 3HATEHHS
D 069ncoorh 3a (hopMyII00

E=J@%QEW@MQ (3.1)

ne D — oneparop Besmunau . ZIKIo Mae Miciie HEeHOPMOBaHAa XBIIbOBa, (DYHKILisT
diniTHOrO pyXy, TO dhopmyiy (3.1) HEOOXITHO y3araJbHUTH TAKIM IHHOM:

B j\v*@ﬁ\v@dc
D— . (3.2)

[IRZGR:

Cepe/jine 3HaYeHHS 3a CBOIM 3MIiCTOM IOBUHHO OyTH BEJIMYUHOIO CYTO JI#ICHOIO.
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Metroka BuMiproBaHHs (pizudHOI BesimauHu [ MiKpoobO'eKTa Jla€ HEHYJIhO-
Bl 3HAUEHHSI CepeJHbOKBAIPATHIHOro Biixujtenns (AD)? = D? — D’ uasito y
BUIIQJIKY 1/leaJIbHOIO NpUJIaly 3 HYJIbOBOIO 1OXuOKow. Taka mesusHauweHicmv y
3HavYeHH] Beinunnn [ € 00’e€KTUBHA BJIACTUBICTD PYXYy B MiKpocBiTi. Tomy mocrae
1pobJjieMa TOIIYKY CTaHiB 3 mesnuMu 3HadeHHsaMHU [). Bu3HadeHiCTh BEJIMINHH
D y nedakomy cTaHi KBAHTOBOI CHCTEMH O3HAYa€, IO KOXKHOTO pal3y IIij Jac 11
BUMIPIOBaHHS OyJle BUXOJIUTU Me came 3navents el Beanaunn. Jdany mpobiemy
JIETKO BUPIMIATHU, SKITO OTOTOKHUTHU OJIePXKaHl B €KCIEPUMEHTI 3HaYeHHs BeJIu-
ynan D 3 eAacHuUMU 3HaveHHAMY 11 orlepaTopa l/j, a TeBHI CTaHW MaTeMaTHIHO
OIUCYBATH BIJIIIOBITHUMHU JI0 1IUX 3HAYEHDb 6AaCHUMU Pyrkyiamu W p (L) omeparo-
pa D:
D¥p(C) = D¥p(C). (3.3)

3 MareMaTHIHOT MO3UIHT piBHsAHHS (3.3) siBJIsie COOOIO 3aJady MOIIYKY BJIACHUX
dyHKIIIiT I BJIacHIX 3HaYEeHb OllepaTopa D. Boma sumarae 3HAXOJI?KEHHS HeTPUBlaJIb-
X (Up(L) # 0) po3B’s3kiB piBHAHHS 13 33JaHUMEI TPDAHUTIHIMI YMOBAMIL.

Ao MHOXKIHA BJIACHUX 3HAYEHDL OllepaTopa D 3J1iUeHHa, TO TOBOPATH ITPO
duckpemnuli cnexmp 3Ha9eHb. Y JAHOMY BUIIQJIKY BJIACHI 3HAYEHHST BUparkKa-
10Th siK D), a By1acHi bYHKIIT, BiAmoBifai BiacHumM 3uadennsiym, — gk Wy, (£). fxio
BJIACHOMY 3HadeHHIO D, BIJNOBiTae KibKa JIHIHO He3aIeKHUX BIACHUX (DYHK-

miit Wlow2 WS o Bignosige sHauenns D, HA3UBAIOTh S—KPATHO BUPOJIZKe-
S
HIM. Y [IbOMY BHIJIKY Oy/ib-siKa JiiHifina komOinaris @) = Z Wl oned —
i=1 N
JIOBLJIBHI KOMILJIEKCHI 4HCIa, TaKoxK Oyje BjacHOW (PYHKINE ornepaTopa [, 110
HaJIe’KUTD J10 3HadeHHs [,,. KiJIbKicTb JIiHIITHO He3a/Ie2KHIX KOMOIHAIIIH JOPIBHIOE
KpPaTHOCT1 BUPOJI2KEHHSI PIBHS S.

Axmo BiacHi 3HaYEHHsS ONepaTopa D e JIOBLJIBHUMU KOMILJIEKCHUMU YHC-
JaMu (BU3HAYAIOTHCS HEIEPEPBHUM DSJIOM Ha JIeSTKOMY 1HTepBaJii), TO CIEeKTp
orepaTopa Ha3MBaIOTh HenepepeHuM. BiacHi 3HadeHHd B IIHOMY BHIQJIKY BU-
paxkatoThb gk [, a BJjiacH1 (DYHKIIIT, BIJIMOBIIHI UM BJIACHUM 3HAYEeHHAM, 9K Wp.
Buracui byHKIIT HellepepBHOIO CIIEKTPa 3aj1exKaTh Bij [ siK Bij mapamerpa, ToOTO
Up(C) = U(D, 7).

Biachi 3navennd i BjaacHi (PYHKINI JIHIHHIX epMITOBUX OIIEPATOPIB MAIOTh
psiJ, crienipiaHIX BJIACTUBOCTEI:

e iX BJIACHI 3HAYEHHS OIUICHI;

e ByiacHi (DYHKIII, 110 BIJIOBIIAIOTH PI3HUM BJIACHUM 3HAYEHHSIM, B3aE€MHO
0PMO20HANLHI;

e BJIACHI PYHKIIT A1HITHO HE3ANEHCHT;
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e cucrema BjacHUX (PYHKIN noéna B KJaci TUX QYHKIN, Ha SKUX el orre-
paTop 3ajaHnii, ToOOTO BOHA YTBOPIOE 6G3UC ONEPAMOpa.

HaiiBark/uBinm mMaTeMaTUdH] BJIACTUBOCTI OMEPATOPIB 13 JUCKPETHUM 1 Herepe-
PBHUM CIieKTpaMu HaBeJeHi Hipkde (tabi. 3.1). PosrisHemo Jesiki xapakTepHi
HPUKJIAJIN.

Tabmg 3.1. BiiactuBocTi BiaacHux (pyHKIIH 1 BIacHIX 3HAYEHD
JHHIMHAX ePMITOBUX OIIepaToOpiB

Juckperuuit criekTp Henepepsuuii criekTp

R Pienanmns R

DV, (C) = D,¥,(€) DU p(E) = DYp(E)

Opmoropmosanicmo
[ v @u@a=bm | [U@Us@d =50 - D)
Opn — cumeon Kponexepa | d(D' — D) — §-pynwuin ipara
Llosroma
S QU =50 | [ Up0uE)D =5E -
' Basuc
(E) = D S Tn(0) 5(0) = | F(D)Up(G)aD.
f= | wena 7(D) = [ wpoe(a
ol =1 J\f(D)|2dD:1

Ilpukaax 3.1. [doBeniTh Take TBepKeHHs: gKIno omneparopu A ta B MaoTbh
CIIJIBHI BJACHI (DYHKIIII, TO Taki olepaTopu KOMYTYIOTb.
’ . . . " =
Pozs’sazannsa. fdxmo ¥ — crijsbHa BiacHa QyHKIs onepaTopis A ta B,
TO, 3aCTOCOBYIOUN O3Ha4YeHHs (3.3), MaeMo JiBi piBHOCTI:

ABU = ABV = BAU = BAV: BAVU = BAV = ABVU = ABV.
3Bijcu ABVU = BAU ta [;1\, E} = 0.
IIpuknan 3.2. JloBeaiTh, 1Mo, SIKIIO OIIepaTop A epMITOBHII, TO {100 BJIaCHI
3HAYEHHs JIICHI.
Pose’sazannsa. Hexait W — gosiiabHa BiaacHa yHKIg ormeparopa A, 1o

BizmoBiae fioro BiaacHomy suadenno A. Toxl y Bumaaky caMoCIpsizKeHOCT] ITHOr0
olepaTopa OTPUMAaEMO TaKe CIIIBBIIHOIIEHHS:

J\D*E\Ddc = J\pﬁ*\p*dc = AJ\I!*\IJdQ = A* J VUL,
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3Biikn A = A*. Ajte ocranne TBep/IZKEHHsST MOXKJINBE JIAIIIE 3a JiiCHOro A.
IMpuknas 3.3. Hexait dyukiis F(2) KOMIJIEKCHOT 3MIHHOT 2z € aHAITHIHA,
B KOJIi 3 IleHTpoM Yy Tourli z = 0 1 Hexali BjiacHI 3HaYeHHsI f,, epMITOBOIO ollepaTopa
]/B\SHaXO,ZLHTCH B oMy Kouti. osegiTs, mo mij oneparopom F (f) MOKHA PO3Y-
o0

MiTHu orepatop F' (f) = Z cn]/‘\”, Je ¢, — koedinientn paay Teitnopa (yHKIil
n=0
F(z). Iix oneparopom F (f) PO3YMIIOTH JIHIHUI olepaTop 3 TUMHU K BJacC-
HUME (DYHKIISIME Y, 110 i y ollepaTopa ]?, 1 BIIIOBIIHUMH O HUX BJIACHUMH
snauennsmu F (f,).
Poss’saszannsa. Hexaii y — nosisbHa yHKIis. Pozsuremo iT B psij 3a Biiac-

HuME (DYHKIISIME OllepaTopa f V=D GnV¥y. Tou
F(f)‘” = ZamF<f)\|fm:ZamF(fm)\Vm:Zzamcn(fm)n\vm:
= Z Cnfn Z AmWYm = Z Cn]?n\l’a

110 it JIOBOJAUTE TBEP/PKEHHS 34,144l

ITpuknanx 3.4. 3uaiijiTh BjacHl (QyHKIT 1 BJIACHI 3HAYEHHS OllepaTopa
koopaunaT T: TV, (z) = 2oV, (7).

Pose’azanna. Yucno xy Oyie BaacHuM 3HadeHHsIM oneparopa. OueBuHo,
o 3a & # xy byHkiig V(xr) moBMHHA JOPIBHIOBATH HYJIIO, & 38 & = xo V() He
BuszHadeHa. IIpoinrerpyemMo piBHAHHS JId BJIACHUX 3HAYCHD:

J 20 (z)dz = J U(z)dx.

Bracny dynkmito moxemo nogatn y surism WV, () = C8(x — xp). Ockinbkn
CIIEKTD OIIepaToOpa KOOPUHATH HerlepepBHuii, To C' — cTasty HOPMYBaHIs — 3HAl-
JIEMO 3 YMOBHU HOPMYBaHHs BJIaCHUX (DYHKII HEIIEPEPBHOTO CIEKTPA:

J\I';f)(:p)\llxo(x)da: = 8(xy — xo).
3 0CTAHHLOTO PIBHSIHHSI MAEMO
|C|2J6(x — 20)8(x — x0)dw = |C*8(x) — 30) = 8(2) — 1) = C = 1.

BifnoBijiHy 3HaYEHHIO T( BJacHY (DYHKIIIO BUPA3UMO TAKUM YHMHOM Yepe3
d-dbynkmuito ipaxka: W, (r) = 8(x — xo).
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ITpuknax 3.5. 3HaiiliTh criocTepekyBaHl 3HAUYEHHS OllepaTopa IPOEKIIil
MOMEHTY L, Ta BiIIIOBiJIHI TM BJIaCHI XBUJIbOBI (DYHKIIII.

Pose’szanns. Y piBHAHHI it BIACHUX 3HAYEHD (3.3) EZQ = L.) uesino-
mumn € K L, Tax i €. [lepenuriemo e piBHAHHA Y cepuuHiil crucTeMi KOOPIu-
HaT, Jie BULJIAL ZZ HaNUIPOCTIIINIA:

—ihaQ—((p) =L.Q(¢); 0< o< 2m.
do
Le niniitHe ojHoOpijHe JudepeHIliagbie PIBHIHHS MEPIIOTo MOpsAaKy. Tomy itoro
PO3B’sI30K IyKaTuMeMo y BULIsAL Q(@) = Ae™® ne A — joBiabHa HeHyJIbOBa
cTaJjia HOpMYBaHHS; A — cTaJia, 110 MiJ/Isirae BUsHadeHHio. Bubip Takoro po3B’si3Ky
3a0e31edye CKIHIEeHHICTh 1 0e3MepepBHICTbh XBUIHLOBOI (DYHKIIII.

[Ticsst nporo mudepeHiiajibHe PIBHAHHS IIE€PETBOPIOETHCS Ha ajreOpudHe:
hA = L,. ¥YMOBa 0JIHOBHAYHOCTI XBUJIbOBOI (PYHKIIIT TOTPEOy€E TaKol YMOBU: (PYHK-
Iis TOJIAPHOTO KyTa MOBUHHA OYTH TepiogndHoio 3 mnepiogoM 2x. Ile makmasiae
Ha 3HAYEHHsI A IIeBHI OOMeXKeHHs — A MOkKe HaOyBaTH TLJIbKU IIJIUX 3HAYEHD:
A =m=0,£1,...

Taxum 4unHOM, crocTepeKyBani 3nadenud L, , = hm, m € Z, a Bijgnosiani

. . . .« 1 qu)
IM HOpMOBaHI BjacHi QYHKINT MalOTh Takuil Buris: (@) = \/76 . Iz uporo
T

BUILIUBAE, 1110 CIIEKTp orlepaTopa L, JUCKpeTHUil Ta HeBUPOIZKEHNI.
IMpukian 3.6. Epmitosuit oniepatop f(A) Mae TUCKpETHUI CIIEKTD BJIACHIX
3HAYEHDb 1 3aJIE2KUThH BiJl TapaMeTrpa A. [oBeliTh CIiBBIIHOIICHHS

~

Ofn (A) of(A)
on Y O\ Yo |

ne fn (M) — Binacue suadenns; W, (M) — BigmoigHa oMy HOpMOBaHa BJIACHA
dbyHKIis oneparopa, f(k)

Pose’sazanns. Tudepentitooun cruissignoments fp(A) = (ﬁ/n,f(k)\lln>
3a A, 3B€JIEMO HOT0 JI0 TaKOT'O BUTJISAILY:

of 0 _

0 0
87\, —an + fn (7\') _(an7 \Ijn)a

OA

3BIJIKI BUILIMBAE TBEPJZKEHHST 3a/1a4i, 0CKiIbKE j100yTOK (W,,, ¥,) = 1.

dx

W — JilicHUi mapamMeTp, HOro BJacHI 3HAYEHHs Ta BiAIOBIIHI IM BjIacHI PYHKIII.

d
ITpuknan 3.7. 3HailAiTh ABHUI BUIJIsII OllepaTOpa eXp (u—), e
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Poss’sazanms. 3acTocyeMo pe3ysibTaT MoMepeInbol 3a/adi 3.6. 3ammuimemo
pesyJsibTaT [iil oneparopa Ha JioBUIbHY dyHKII0 V(T):

W d"(z
exp (e ) wio) va ) vt

A~

TOOTO exp (ud—> = T, — oneparop 3CyBYy B3JIOBXK OCl T Ha BeJMHUHY L.
x

st 3Haxo pKenHs BiacHuxX GyHKIi Wy (x) 1 BjacHuX 3HAYEHb A ollepaTopa
3CYBY IOTPIOHO PO3B’sI3aTH PiBHSIHHSA

exp @%) W () = W0 (1),

ISl I0I0 KOPUCHO 3aCTOCYBaTH (Dyp’e-11epeTBOpeHHs 1boro piBHsHH. Bachi 3ua-
YeHHd I[bOT0 ONepaToOpa MaloTh BUIVIAL A = €' e ¢ HaJIC’KUTH JOBITLHOMY iH-
TepBasty mupnHo 21/, BacHy QyHKI0, BiIIOBIHY BIACHOMY 3HAYEHHIO A,
orucytoth hopmysiono Wy (x) = e“U(z), ne U(z) — nosinbua nepiogniana (yHk-
11 13 1ePIOJOM L.

ITpuxaam 3.8. [ockuit poraTop mpuBeJIeHUl y CTal i3 XBUIHLOBOIO (DYHK-
mielo P (¢) = A(1+ cos@ + cos2¢). Buaiigits crocrepexkyBani 3HadeHHs L.,

fiMmoBipHOCTI iX BuaABICHHH, L., NL2.

Poses’sazanns. Crerudivna sanexuicrs $(@) 103BoJIsI€ PO3B’s3aTH 38,18~
qy aJreOpPUIHIMEI MeToJaMi Ha ocHOBI dopmysin Eitnepa. 3acTtocyemo po3s’si3ok
sajiaai 3.5 1 possunemo dyukiio P(@) 3a 6a3ucom orneparopa EZ:

o(p) = A [1 L& —|—26_“P + &7 J;e_ w] _
_ AVER |:\Ij0 ((P)+‘1112(<P)+‘1’—;((P)+‘1122((P)+‘1’—;(<P)] .

Ocranniit Bupas 3Begemo o surisay P (@) = Z P (0) 3 HEnyIBOBIME KOEDI-
n
T
niearaMu ¢g = AV2n 1 ¢y = cyo = A\/; . Crajry HOpMyBaHHS 3pYyYHO 3HANTH 3
1 1 1

—— )= ——=, C4] = C49 = ——.
i 0 o) +1 +2 o

Takum 9uHOM, Y XOJIi BUMIpIOBaHHSI Oy/yTh MaTH Miclie Taki 3Ha4YeHHs L,:

ymMoBHU ) lem|” =1, 3Binku A =

Lo 3 iMOBIpHICTIO 3 i L,+1 = £h, L, 19 = £2h 3 ojHakoBUMHU IMOBIpHOCTAMU

1 _
Wi = Wi = 3 Cepe/jine 3HaUYeHHST 00UNCIUMO SIK L, = Z L, Wp =0.

m
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st obumcseHHsT cepeIHbOKBAIPATUIHOTO BIJIXUJIEHHS 3aCTOCYEMO BUPa3

— — _ 5
A2=12-T1, =12= ZL -

SaBaaHHS JJISI CAMOCTIMHOIO BUKOHAHHS

1. /loBediTh, 1Mo HeOOXiHOIO 1 JOCTATHBOIO YMOBOIO JIIIICHOCTI CepeHbOTO
3HAYCHHS BeJIMINHE F' € caMocIpsizKeHIcTh 11 onepaTopa F'.

2. oseiTh, 1mo BjiacHl (GyHKI YHITApHOIO ollepaTopa OpPTOrOHAJIbHI, a
BJIACHI 3HAYEHHS 3& MOJLYJIEM JOPIBHIOIOTH 1.

3. doBeiTh, 110 cepeIHe 3HAUEHHS KBaApaTa (pi3mIHOT BeJIMIIMHI HEeBil eMHe.

4. loBeniTh, mo ¢dyHkIisg W e BiracHa QYyHKIS oneparopa F', i 3HalIIThH
BIJITIOBI/IHE BJIacHE 3HAUYEHHSI:

Sing ~ d2 2 d

a) W — ) F - + PR

) V() £ (€) d§2d2 gdg i
/] — _P/3 3 F\ = — - — 5,
0) Wlp) = c*7p", Flp) = 55+ 0 = 5
- 1 9 9 1 o

— q :l:l(P = —— =N a9

B) \I,(e, (P) S11 96 ) F(97 (P) Sin 9 89 <Sln 989) + Sin2 9 8(P2 ’

5. 3HaiiiTh BiacHi GpyHKIIT i BJacHl 3HaYEHHs OIEePATOPIB 38 TAKUX YMOB:
. d

a) i~ KO U(z)=V(z+a), a — crana;
d2

6) ——, axmo Y(z) = 03a x =0 ta v = [;

d
B) sin TS axio V(o) = V(e + 2x).

6. Hexait BimacHi ¢pyHKII 1 BJIacHI 3HAYEHHs JBOX OIEPATOPIB 3a/10BOJIb-
asoth ymoBu Afi(x) = afi(x) i Bfa(y) = bfa(y). Busnaure, un Gyne Bracna
dbyuxiis oneparopa V(x,y) marn surian V(z,y) = fi(z)fo(y), axmo C' = AB,

~ d d
aCV¥(r,y) =c¥(x npuiomy A= —iB = —
(z,y) (,y), npuromy A = — i
7. BHalliTh criocTepesKyBaHi 3HAYEHHST TPOEKIIil IMITY/TbCY Ta BiMOBIIHI M

XBHIJIBOBI (DYHKIIIT.
8. 3Hali1iTh MOXKJINBI BJIaCHI 3HaYeHHsT onieparopa L, Ta 1x iiMOBipHOCTI, a
TakoxK L, 1 AL? s 9acTUHKHY, 110 3HAXOJUTHCS B TAKUX CTAHAX:

Ui(g) = Asing, Wy(g) = Bsin’g, W3(e) = C(2 — cos4g).

1 x? ,
9. na xsumbosoro naxkera V(r) = ———==exp |—=— | obumciThL Beu-
€T T 2
V/ 0T 0

q9UHU T, Dy, (Ax)? Ta (Ap,)?.
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10. 3HaliiTh 3B’I30K MK CEpeJHIMKI 3HAYCHHSIMU KOODP/MHATHU i IMITY/Ib-
Cy JBOX YaCTHMHOK, XBIJILOBI (DYHKIII SIKUX II0B’si3aHl TaKUM CIIIBBIJIHOIIECHHSIM:
Uy(x) = Wy (z) exp (ipox/h), po — HomarTHa crasa.

11. O6unc/iTh cepejiHe 3HAYEHHS KBaJIpaTa MOMEHTY IMITY/IbCY JIjIsd YACTHH-
KI, 1110 3HAaXOuThes B ctani W (0, ) = Asin 0 cos ¢.

12. 3uaiiniTh SBHUI BULJISLI OIEpaTOpiB iHBepCil T U (x ) = U(—x), 3umiHn

z),
U*(z), a

MacrTady ]\Z\I!(x) VeV (cz) i KommtekcHoro cupsikenns K U (x)

TAKOXK 1X BJIacHI (DYHKIIT Ta BJIACHI 3HAUEHHS.

4. CaoiBBigHONIEHHsI HeBU3HaUeHocTell I'eiizenbepra

®Oizpuni Besmanan A 1 B Ha3UBaIOTL 00HOYACHO BUMIDHUMU, SIKIIO 1CHY-
I0Th TaKi CTaHU, Y KOYKHOMY 3 9KNX Oyje BUMipHa sIK BesmamHa A, tak i B. Ma-
TEeMaTU4HO 1€ BUPAXKae€ThCsl B HasIBHOCT1 B OIlEpaTOPIB Ai B cninvnuz sracuux
dyukiit. Heobxidnoro i docmamnvoro ymosoro 1CHY8AHHA 8 NMHITHUT ONEPAMOPIE
CNINOHUL BAACHUL PYHKUIT € KOMYMAULA YUT ONepamopis. ¥ XoJi CIJILHOIO BU-
MIpIOBaHHS TaKUX BEJUYUH Y JIOBLJILHOMY CTaHl 3aBKJIU Ma€ Miclle PO3KU/I CIIO-
cTepeKyBaHNX 3HadeHb. Bemmanna mporo po3Ku,Ly, Mo Mae cepeIHbOKBAIPATIIHE
BIJIXIJIEHHSI, 3a/I0BOJIbHSIE CNi8B8LAHOWEHHSA HesudHaveHnocmel Ietizenbep-
ea:

1 2
(AA)? - (AB)? > Z(C) : (4.1)
Tyr C'\ — CaMOCIIPAZKEeHUIT ollepaTop, KNl MOXKHa 3HATH 3 YMOBU [121\, B\] =iC.
Yci yeepejiaentst B criBBigHommenni (4.1) spificaeni B odhomy @ momy oic CTaH.
HacTo 3a XapaKTepUCTUKY PO3KUJLY OTPUMaHUX Yy Pe3y/bTaTi 00UYNC/ICHb
3HaUYeHb (PI3MUHOI BeJuduHU [) BiJJHOCHO CepegHboro 0epyTh cepedHbokeadpa-

muune eidrusenns AD = 1/ AD? Y nux nosHadeHHsx HepiBHicTh (4.1) me-
PETBOPIOETHCA Ha, B
C
an.sn3 10 as
Posrastnemo nesiki xapakTepHi OTPUKJIAIN.
ITpuknan 4.1. JoseniTh, 1110 sIKIO JBa oneparopu A i B 3a/10BOJIbHAIOTD
nepecrapre criBBignomenns AB — BA = 1C, HpI/I‘{O_My A1 B — epmiTOBi, TO Ma€

Pose’sazanmsa. Posrisnemo crodaTky BI/IHaﬂ;OK &ucwpemnoeo HAOOPY XBU-

MiCIIe TaKe CIIBBIIHOIICHHS: \/ (AA)?-

napboux yHkIiit ¥,;. Cepeani 3nadenns oneparopis A i B y crani, skuii xapak-

Tepusyerbea dynkmiero U= > aq;¥;: A = Z a;Ajpap i B = Z a; Bipay.
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CrJtajieMo HeBiJl €My BEJTUINHY:

J (7») = Z {Z (Azk -+ i?uBik)ak} {Z (Azl -+ i?hBil) al} > 0,

i k !
e A — miiicumit mapameTp.
prnyfoqm YJICHN 3 OJIHAKOBUMHI CTEIICHAME A 1 KOPUCTYIOYUCH €pPMITOBICTIO
orepaTopin AiB (Air = A3, Bir, = By;), 3Hax011MO0

J (7\,) = Z {a}:AkiAigag + zkaz (Ak:szl — Bszzl) ay + 73@}23;“-32-;@;} —
i,k,l
= A24+AC +A*B2.

Ockisbkn O = = (AB — éle\> — epMITOBHIl omepaTop, TO KBajpaTudHa (opma
i

—2
J () € neBin’eMHOIO 1, TAKMM IHHOM, 4A2B? > C". BayBasKusI, o onepaTopu
AA=A-AiAB=B— B 3a,/10BOJILHSIOTH CIIBBI[HOIIEHHS KOMYTALL] AANB—

C
ABAA = iC, orpumyemo \/(AA) (AB)* > %
JloBejieHHST 1[BOTO CITIBBIHONIEHHS JIJIsT HenepepeHozo HabOpy MOXKHA TPO-
BecTn anasoriuno. Bupas J () = J{(ng ME) \Il} {(A\Jr zk@) \If} dg, ne A

— JiificHe YUCJI0, € HEBIJI'EMHUM 1 MOYKEe OYTHU MepeTBOPEHUI TAKIM YHHOM:

J() = J{(ﬁqf)*—ix(éxp)*} {Av+aBu}d =

_ J {xp*ﬁ?xp T (Eé _ é?l) U+ xQ\D*§2\I!}d§.

Jiiicno, na mijcrasi epmiToBocTi oneparopa A J (A@*) ®dC = J\IJ*ACI)dZ;. Hauti
JIOBEICHHST TaKe caMme, sIK 1 IOIePeTHLOIO CITIBBIAHOIICHHS.

ITpuknamx 4.2. 3anumiTh CHIiBBIHONIEHHS] HEBU3HAUEHOCTEN J1JIsT KOOP/IU-
HATU X 1 TPOEKITil MOMeHTa IMITyIbey L.

Poss’azannsa. CrodaTky 00YNCINMO KOMYTaTOp JBOX €PMITOBUX Ollepa-

TOpIB T 1 E\Z: [5:\, E\Z} = —ihy. Takum 4duHOM, OlIEpATOD C y HepiBHOCTI (4.2)
mae surisg C = —hy. Moy cepenboro snadenns |C| = hAy. Tomy mrykane

CIiBBIIHOIEHHsT HeBU3HAUeHOCTel (4.2) Mae Takuil Burys; AxAL, > 53/

ITpuknan 4.3. Kooppunary x 4acTUHKM, IO BLIBHO PyXa€ThCs, MOYKHA
BU3HAUYUTHU, SKIIO [OCTABUTU IEPIEHJUKYISIPHO HUIAXY 11 pyXy BY3bKY IILJINHY.
JloBediTh, 0 BUMIPIOBaHHSI KOOPJAMHATH YaCTUHKHI 38 JOIOMOIOIO IIIJIMHU TOB-
IIIHOIO b BHOCUTD Y BIIOBIIHY TIPOEKIIi0 IMITYJIbCY HeBU3HaUeHICTh |Ap,| > h/b.
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Pose’sazanns. Cupsmyemo Bich OX y3a0B2K niinan. Toji BHACTIIOK J11-
dpaxkiiil XxBusb jge bpoitis i1 9ac npoxo/zKennsd Kpi3b MIIJINHY YacTUHKa HaOY-
BaTUMe CKJIaJIOBOI IMITYJIbCY B3JI0BXK BKA3aHOI OCl p, = psSin @.

3a Mipy HEBU3HAUEHOCTI IMITYJILCY €JIeKTPOHA Bi3bMEMO PO3KMU/I JAHOI PO~

eKIIil B MezKaX [eHTPaJIbHOro Judpakiiiinoro makcumymy, 1o6ro |Ap,| = 2p| sin ¢,
A

Je sing = £—, A = —. 3acTOCOBYIOUN HaBEJICHI CIIBBIIHOIIEHHS, OJIEPXKYEMO

b

4Amh h
|Ap:| = % abo |Ap,| > 7

ITpuknam 4.4. 3acTOCOBYIOUN CIIIBBIIHOIIEHHSI HEBU3HAUEHOCTEI, OIIHITD
IIBUJIKICTD MIPOTOHA B aTOMHOMY sJIPi Ta JIOBEIITH, 110 B HLOMY He MOyKe OyTu
eJIeKTPoHiB. BisbMiTh posmip dapa rg = 5 - 107Mm

Po3ss’sa3zannsa. B3aBim criBBiTHONIEHH HEBU3HAUEHOCTEH, OTPUMYEMO, IO
IIBUJIKICTD IIPOTOHA IOBUHHA MaTU 3HadeHHd Vj, ~ 10"m /c.

Bynemo posrismaru po3Mip gipa 9K HeBU3HAYEHICTH KOOPANHATH €JIEKTPO-
Ha. 11 oniaKM fioro MBUIKOCTI BUXOSAIH 3 HEPEJISITUBICTCHKOIO CITIBBITHOIIEHS

Ve ~
el'st

yMi i CBIIYUTH 1IPO Te, 110, eJIEKTPOHH, HASIBHICTD AKUX Y SIJIpl HepeidadaeThes,

onepyemo V, ~ 10\ /c, mo nepesuiye msuikicrTs citia y Baxy-

MOBUHHI OYTU PEeATUBICTCHKUMU.

[3 cmiBBigHOIMEHHSA HEBU3HAUEHOCTEN BUILINBAE, IO T'g > NS OcCKIIbKI
cepesiHE 3HAUEHHsI IMITYJIbCY YaCTHHKH P 3aJ0BOJILHSIE HEPIBHICTD P > Ap, MagMo
rg = —. OcTaHHs HEPIBHICTH TOBUHHA BUKOHYBATUCDH 38 OY/Ib-IKOI'O IMIIYJILCY pe-

JIATUBICTCHKOI'O eJIEKTPOHAa 3 TUX, 10 BIH MOXKe MaTHU B s/pl; 30KpeMa, 3a KoM1-

. . . . C
MoHI6CHLK020 IMITyJIbcy p = —. ToOTO Mae BUKOHYBATUCh HEPIBHICTH Tg > —.

Ac 2n
[TigcTaB/asioun 3HaUeHHsT 7y 1 Ac = 0, 0242A (7151 eJIeKTPOHA), OadNMO, 10 ST
HEPIBHICTL He BUKOHYETLCS, TOMY €JIEKTPOHU JIOKAJI30BAHUMU B 00’eMi siapa Oy-
TH HE MOKYTb.

3aBaaHHS JIJIsI CAMOCTIMTHOTO BUKOHAHHS

1. IlepeBipTe criBBiIHOIIEHHS HEBU3HAUEHOCTEMN JIII YACTUHKM, SIKY OIHUCYE
Pynknia U(z) = AeFr—o,

2. Enexrpon, kineruuna enepris sikoro 1' = 4 eB, jokajizoBanunii B obJiacti
po3mipom [ = 1 Mrm. OIiHITE 3a JOIIOMOI'OIO CIIBBiIHOIIEHHS HEBU3HATEHOCTEI
BIJIHOCHY HEBU3HAYEHICTh HOT0 MIBUIKOCTI.

3. Eneprisa ocnoBHOro cramy MikpouacTHHKH Macoio 2 - 1072° Kr B ojHo-
BUMipHifl HecKimueHno rimbokiii norenniannmiit ami £ = 5 - 1072 eB. Ominits
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HEBU3HAYEHICTD IMITYJIbCY Ap, MIKPOYaCTUHKI

4. Yactunku, Maca gxkux m = 107! r, nepe6yBators y 1moBiTpi B cTani Ter-
JIOBOI piBHOBaru. BBaxKaeTbcsi, 1110 YaCTUHKK MalOTh cheprudHy popMy, a IMOBITpsI
XapaKTEPU3YETHC HOPMAJbHUMU yMoBaMu. ['ycTuHa pedoBUHHU, 3 SIKOI CKJIaJia-
[OThCA YacTHHKH, p = 1,5 - 103 Kr/ M3, 3‘gcyiiTe, UM MOXKHA BCTAHOBUTH BiIXM-
JIEHH B1JI 3aKOHIB KJIACUYHOI MEXAHIKM, CIIOCTEPIral0oun 3a PyXOM YaCTHUHOK.

5. Cuim Bij mydka eJeKTPOHIB Ha €KpaHi eJIeKTPOHHO-IIPOMeHeBOl TPyOKn
Mage giamerp d = 0,5 MM, BiJcTaHb BiJ eJIeKTPOHHOI rapMaTn g0 ekpana 20 ¢,
npuckopioBaibta Hanpyra U = 10 eB. Ouinite HeBuzHavyeHicTh KoopanHatn Ax
eJIEKTPOHa Ha eKpaHl.

6. Busnaure, y cKiIbKE pa3iB JOB:KIHA XBUJII Jie bpoiias yacTuaky A MeHIa
38 HEBU3HAUEHICTH 11 KOOpAMHATH AT, 110 BIJIOBIIa€ BiIHOCHI HEBU3HATEHOCTI
immysisey Ap/p B 1%.

7. HepengarusicTcbKa 9acTUHKA, IO BLILHO PYXAE€THCA, Ma€ BIIHOCHY HEBU3HA-
YEHICTh KIHETUYHOI eHepril T = 1,6-107*. Ouinith, y cKiIbKK pasiB HEBH3HA-
YeHICTh KOoOpanHaTu Ax Takol YaCTHHKH OLIbINa 11 JOBXKUHK XBUJIL Je Bpoiiis.

8. OmiHiTh MiHIMaJIbHO MOXKJ/IMBY €HEPTiio eJIEKTPOHA B ATOMI BOJIHIO, BBarKa-
I04H, 1110 OJINH 00epT eJIEKTPOHa HABKOJIO sJIpa BiJIOYBAETbCs 3a ITPOMIXKOK vacy
t=1,5-10"1 c. Bigmnosinp HABEIITH B €JIEKTPOH-BOJILTAX.

9. Yacruuka Macoo m = 9-1073! kr nepebyBae B 0THOBIMIpHiil HOTEHITiAb-
Hift simi mmpuHoo 100 1M i3 HeckKiHYeHHO BUCOKUMHU cTiHKamMu. OmiHiTh MiHIMaJIb-
HO MOYKJINBY CUJIy THCKY YaCTUHKHU Ha CTIHKU sIMHU.

10. TToTik enekTpoHiB i3 J0BXKUHOIO XBUJI jJe bpoitas 0,6 MKM majgae HOp-
MaJIbHO Ha IPAMOKYTHY HIiinHY mupuHoio 0,1 MM. OIiHITE 38 J0IIOMOTOIO CIIBBII-
HOIIIEHHSI HeBU3HAUEHOCTEl KYTOBY IMIUPHUHY ITydKa A@ M03a IINHOK (y KYTOBUX
rpajycax).

5. PiBusuusa IIpeaiarepa. CramionapHi cTanmu

XBU/Ib0OBY (DYHKIIIIO peajibHOI (DI3MUHOI CHCTEMU B 3arajbHOMY BHIIQJIKY
3HAXO/ISITh 3 PO3B A3KY 4aco8020 pieHanHs Illpedineepa:

oV (¢, t ~
zhM = HY(C, 1) (5.1)
6t Y Y
ne H — raminbronian cucremu. Iloniono j10 piBusnb Hbiorona i Makcsesia pis-
nanag [lpeniarepa He BUBOAATE, a nocmy.Ar0toms. KpurepieM TpaBUIbLHOCTI J1a-
HOI'O PIBHAHHS € 30ir aKTiB, 10 BUILUIKBAIOTDH 13 HHOI'O, 3 €KCIepUMEHTAIbHUMA

JAHIMA.
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st ojiHi€el 9aCcTUHKY, M0 PYyXa€ThCs B I0J 13 3a/aH0I0 (DYHKIEI TOTEH-

A~

niasabHol eHeprii U(r,t), ramiabronian H= 2p_ + U(r,t) i piBaganns (5.1) HaOy-
m

BAaIOTh TAKOT'O BUIJISILY:
oV (r,1t) h?
ith————= = — V%4 U(r,t) | U(r,t). (5.2)
ot - 2m
Ha mijcraBi camoctpszKeHOCTI raMiJIbTOHIHA MOYKHA JOBECTH, 10 T'YCTHHA
ifimosiprocTi (1.2) y TpUBUMIDHOMY BUIIAJIKY 3aJI0BOJILHSIE DIGHAHHA OE3NEPEPSHO-
cmi, O BUPaXKaE 3aK0H 30EPEHCEHHA KIADKOCE PEUO6UHU B HEPEIITHUBICTCHKI

diznri:
0

ot

ne BemmanHa j(r,t) Mae 3HAUEHHST IYCTHHHU TTOTOKY HMOBIpHOCTI Ta 1moB’si3aHa 3

w(r,t) + divj(r,t) =0,

XBIIIbOBOIO ymKIiero WU(r, t) CriBBiAHONIEHHIM

jr,t) = —— (U (r, t)VU(r,t) — W(r,t)VV*(r,t)) (5.3)

2m

(m — maca 9acTHHKN). YMo6a 6e3nepeperocmi T6uabosol dynkyii neobriona oin
3abe3neventa CKINYEHHOCE 2YCMUHU NOMOKY UMOBIPHOCTNL.

Y KBaHTOBIiil MexaHiIl OCO6JII/IB& POJTh Bl,ZLBe,ILeHa cucTeMaM, TaMiJIbTOHIAH
SIKIX HE 3aJIe2KUTh BiJI 9acy sBHO: H (C,t) = H (€). Y npomy BHIIAJIKY B KBaH-
TOBIil cucTeMi MOXKYTb OYTH peasizoBaHl CMAUIOHAPHT CMAHU 3 XBUJIHLOBUME
QYHKIIAMI BUTTISTY

7
£(C,1) = V() exp —7—1Et : (5.4)
Tyr E i V() — BignosigHo BiacHe 3HaUeHHs 1 BiacHa (DYHKIIisI TaMiJIbTOHIaHA
H(Q), sxuii y 1bOMY BHIIAJIKY MOYKHA HA3BATH ONEPAMOPOM E€HEP2ii’

H@Q)We(©) = BEVg(Q). (5.5)

Pipusinus (5.5) Mae Ha3By cmauionaprozo pienanns Illpedineepa. Ha min-
CTaBl MBOTO PIBHIAHHA CMAUIOHAPHE CMAHY BUSHAYANOMD AKX CMAHU 3 NESHUMU
3HAYEHHAMY enepeli. Bonn MaloTh TaKi OCHOBHI BJIACTHBOCTI:

1) ix xBUIbOBI QYHKIIT 3a/1e:KaTh Bijl 9acy 3a rapMOHIYHIM 3aKOHOM (5.4);

2) cepejiHi 3HAYEHHST TYCTHHU fIMOBIDHOCTI if TYCTHHHU TTOTOKY WMOBIPHOCTI
B CTalllOHAPHUX CTaHaX He 3aJiexKaThb BiJ 4acy;

3) SKIIO orepaTop hi3UTHOT BEJIMYNHE He 3a/1€7KUTh BiJl 9acy siBHO, TO HOTO
cepejiHe 3HaYeHHs B CTalllOHAPHOMY CTaHi TexK He Oyjie 3aJiexKaTh Bij Jacy.
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EnepreTnanunii crieKTp CTaAIIOHAPHOI CUCTEMU 3aJIE2KUTH BiJl XapaKTepy pyxXy: 3a

pinimmnozo pyxy BiH duckpemnudi, y BULIQJKY IHPIHIMHO020 — HenepepsHull.
Ao Bimomi poss’ssku Vg (L) cramionapuoro pisastaus [Ipesinrepa, To

PO3B’sA30K HecTarioHapHoro pisusHs (5.1) MOXKHA 3alicaT y BUTJISI

W) = 3 Avexp (3t ) (0 (5.6)

y BUMQJIKY JUCKPETHOIO CHEKTpa abo y BUTJIAI

B t) = JAE exp (—%Et) U (0)dE (5.7)

y BHIIQIKY HemepepBHOro crekTpa. Koedimientu B A, 1 Ap oano3nadyno Bu3Hada-
I0Th 3aJaHHsIM XBUJIbOBOI (PYHKIIIT B TOYATKOBUIT MOMEHT Yacy:

A = [ WUt = 0)a (5.5)
Y TpuBUMIpHOMY BHUINAJIKY piBHsAHH (5.5) HAOyBAE TAKOIO BULJISIILY:
h2
—%VQKI/E(r) + U(r)¥p(r) = EVg(r), (5.9)

aHAJIOTIYHOI'O PIBHAHHIO JIJISI CTIIHUX XBUJIb Y CEPEeJIOBUII 31 3MIHHUM MOKA3HUKOM
3aJ0MJICHHs. TaKM 9MHOM, CTaIllOHAPHI CTaHN MOXKHa MOPIBHIOBATH 31 CTIHKIMU
XBUJISIMU B TIPY?KHOMY CepeJIOBHII. Po3riisgaemo Jieski XapakTepHi NPUKJIa/IN.
Ilpukaan 5.1. /loBeaiTh, 1o Ui cepejiHiX 3HAUYCHL KOOPAUHATH T Ya-
CTUHKN Macoio m, 11 IMITyJIbcy p, 1 cum F,., 1Mo Jii€ Ha Hel, cupaBeIuBl Taxi
CITIBBIIHOIIIEHHSI:
d . p. d,_.  F
E(SU) ) ﬁ(ﬂf) —
Poseg’sszannsa. IIponndepennitoemo Bupas jisi CepeIHbON0 3HATEHHSI
KOOPJ/IMHATH 3& YaCOM:
d _ ov* ov
—(7) = J —aVdx + J\I/*x—dx.
dt ot ot
3 pisusiang pesinrepa (5.2) 3HaiijeMo BUpasu Jijisi YACTUHHUX TTOX1THUX
XBHIJILOBOI (PYHKIIT Ta 11 KOMILJIEKCHOI'O CIIPSI?KCHHST:
ov 1 ov* 1

~ 2 1 A~ 2 T% 1 *
— =Dy U — — 7t \If’ = x \\ — ,t yr,
ot omh? U t) o0 = ol VUM@Y)
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[TigcTaBigroun 1i CHiBBIIHONIEHHSA y BUpa3 JIId MTOXIIHOI Ta BPaxXOBYIOUN €PMiTO-
BICTH olepaTopa p}z, OTPUMYEMO
d 1 9 1 9
—(7) = — Urap, " Wde + —— | U*p,” (2V) do =
@) =~ | VRt + W )

ih? d>U ih? d? (z0) ih AV D
_ Ul g — U de = — 2wl =22
QmHJ Yaz ™ QmHJ Az 0 mJ iz "= m

(5.10)

[IpoaucepeniitoeMo ocTaHHiil BUPa3 3a 9aCOM:
d? ov* oV
m— (T) = | —p.Vdx + | V'p,—dx.
e e
3HOBY 3aCTOCYBAaBIIIN BUPa3! JJIsi YACTUHHUX MOX1IHIX Ta €PMITOBICTH OllepaTopa
72 Maemo

d2 25\2 ]5\2
hme— () = | (-2~ —U) v v, (2 Wdy =
zhmdt2(:r:) J( Sy U) D dx+J D <2m+U) dx
dU

= pr (ppU) Ydx = z’hJ\IJ* (——> Vdr = ihF,. (5.11)
dx
Pisnocri (5.10) i (5.11) nasuBaiorh meopemamu Epengecma, siki Bcra-
HOBJIIOIOTD, 110 Cepe/THI 3HAUeHHs BeJIUINH (KOOPUHAT, IMITY/IbCIB, €Hepriil), siKi
XapaKTepu3yloTh PyX YaCTUHOK Y KBAHTOBII MeXaHilll, a TaKOXK CepeJIHE 3HAUYeH-
Hsl CUJIH, IO Ji€ Ha YaCTUHKY, OB d3aHi MizK cO00I0 PIBHAHHAMUI, aHAJIOTTIHUMA
BIJITOBIJIHUM PIBHAHHAM KJIACMYIHOI MeXaHIKH.
ITpuknam 5.2. XBuiboBa MyHKIlS MIKPOUYACTUHKE 3 MACOIO 17, Ma€ BUTJISLT
U = Asin(ox)sin(By)e ¥*. Kinernuna enepris acruaku 1 = 5 eB. 3uaiigits
crasy o. Ipumycrits, mo A = 1073 ik-c; m = 2,5-107% kr, f = 6 - 1019 M7,
v=2-1010 n 1.
Poss’sazarmsa. Busnadunmo Jpyri YacTUHHI TOXiJIHI BiJT XBUJILOBOT (DYHKIIII:

2
g—\g = —Ao’sin (o) sin (By) e V¥ = —a?V;
x
2
807\12] = —ABQ sin (ox) sin (By) e ** = _ngj;
0*W . . N
S5 = A(=y)sin (o) sin (By) e = 0.

BHaiieMo Jalacian XBumiboBol GyHKII: AW = ¥ (—oc2 —B*+ 72). [3 piBHsIHHS
(5.9) snaitnemo a, Bpaxosytoun, mo 7' = F — U(r):

2 omT
qj(—a2—ﬁ2+72)+h—?m:0 - a:\/ 7;; B2y =2.83-100 .
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ITpuknam 5.3. 3HaiiliTh eHeprio crallioHAPHUX CTaHIB IIJIOCKOTO POTATOPA
3 MOMEHTOM iHepIIil /.

Poseg’sazanmsa. 'aminbronian 00epTaJbHOTO PYXy POTATOPA OJEPKUMO 32
AHAJIOTIEI0 3 FaMLJIBTOHIAHOM IIOCTYIIaJbHOT'O PYXYy MaTeplabHOl TquI/I.QZLﬂH 1[bO-
ro B KjacudHiil dpyukuii ['amijibToHa s miaockoro poraropa H = & 3aMIHU-

R 21
Mo L, — L,. Tenep moxkna 3anmucatn cranionapue piBugnag Illpemiarepa s
poraTopa 1 3BecTH HOro [0 TaKOIO BUIJIAJLY: EE\I/((p) = 2/EV(9). Ha migcrasi

HPUKJIALY 3.5 0JePrKYEMO PO3B’I30K:

h2 2 1 ]
m M m e Z.

—r V(o) = =€,
57 (0) o

Yei cramioHapHi cTaHm, 38 BUHATKOM OCHOBHOTO (m = (), IBOPA30BO BUPO/IKEHI.

b, =

Ile moB’s13aHO 3 JIBOMa MOXKJIMBUMH HalIPsIMKAMU O0OepTaHHsI POTATOPa HABKOJIO
Oy Ib-KOI 3aKPIIJIEHOT OCi.
ITpuknam 5.4. [lepeBipre, U MOYXKe cTaH 3 XBUJIbOBOIO (DYHKIIIEIO
D 2tht
U(E, t) = B (1 — €OS 2¢ - exp (—)) oyTu cranionapaumM. Craja o — aiifcHa.
o
Poss’sazanmsa. 3anuiieMo BUpa3 JJisd TyCTUHU HMOBIPHOCTI B IILOMY CTaHi:
D? ) )
w(&,t) = VUEHY(E ) = o (1 — €08 2¢ - e_2mt/°°> (1 — COS 2¢ - emht/“) =

D? 2ht
= <1 + cos® 29 — 2 cos 2¢ cos —) .
o

OckiibKu rycTiHa fIMOBIpHOCTI 3as1€2KuTh Bij dacy, To cran W (&, t) He Moxke OyTu
CTalllOHAPDHUM.

IIpukiaan 5.5. 3HaiigiTh 3arajabHUil PO3B’sI30K OJIHOBUMIPHOTO HECTAaIlio-
napuoro piBusnng [peniarepa.

Pose’szanns. Poss’s30k pisastans (5.1) y pasi saminn § — x
oV (x,t) h? 9?

ot = amam vt

oynemo mykatu y Buraam W(z,t) = T(t) - X(x). Toai Hame piBHSAHHS mepeTBO-

1h

PUTLCST HA,
iROT R 02X
T 0t  2mX 0x?
106 dyukiis X (x) O6y/ia cKiHIeHHOI HA HECKIHIEHHOCTI, HeoOXiHO, 1100 a OyI10

= a.

2ma 9 :
nogarauM. [TozHaumnsim el k*, onep:KUMO JiBa PIBHAHHS:
0?X oT  k*h?
—— + kX =0 i ih—+—T=0,
Ox? i Y i 2m
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oo ik*ht
po3B’saskn gxux: X (z) = exp(ikx) i T(t) = exp | — 5 :
m

i K2h
BaranbHnuit po3s’sa30Kk Mae Buriisiy V(x, t) = J C(k) exp (zkx — 22—t) dk.
m

—00
ITpukaamx 5.6. Cramionapsi ctaHn 9acTUHKNA B OJHOBUMIDHIi# HECKiHUeH-

HO TJIMOOKIH MOTeHIia/JbHIN AMi MUPUHOIO @ OMUCAaHI XBUJILOBUMU (DYHKITISIMU

2 . wlx
—sin—, 1z € (0;a); . .
U(z) = a a BIIIIOBITHUMHY BJIACHUMM 3HAYCHHSIMU €HEeP-
0, <0, z2>a,
k212
i By = o—5, Je [ =1,2,...1m — maca yactunku. Hexail y nmouarkoBuii
2ma
, 4 5 TL .
MOMEHT 4acy XBIIboBa (pyHKIs dactuaku W(x, t = 0) = sin . BHallIiTh

v oa a

Poses’sazarmsa. OCKilIbKI eHepreTUuIHNl CIEeKTP JUCKPETHUI, TO B JI0BLIb-

XBUJIBOBY (DYHKIIIO B JIOBUILHUI MOMEHT dacy.

HIUIT MOMEHT Yacy XBUJIbOBY (DYHKIIIIO BU3HAUAIOTH 3a piHicTiO (5.6). Koedimnien-
™ A; B JaHOMY BHIIAJIKY IIPOCTIIle BUHAYUTH HE MPSIMUM iHTerpyBantsiM (5.8),
a 3a JIOMOMOr0I0 TpUTroHOMeTpUIHUX hopmyst. Tosi

Uzt = 0) = 1 5 T 3 . mx 1 . 3nx
r,t= ——sin = ——sin— — sin
vha a vVoa a vha a
. Tl
I3 Bupasy (5.6) ¥(zx, E:AZ\/j sin —. IlopiBHsBIIM ocTaHHl 1B piB-
. : . A 3 . A 1
HOCTI, OTPUMAEMO TiJIbKH JIBa HEHYJIbOBI 3HadeHHs: A = 1 A3 = —.
v 10 v 10
nh? On’h?
Binmoigai iM 3HaUeHHs eHeprii — Ep = 1 B3 = )
2ma? 2ma?

Ocrarouna BiJIIOBIIb:

3 ihn® \ . mx 1 9ihn® \ . 3nw
U(x,t) = Eexp _QmaQt sin — — —=exp _Qmazt sin ——.

IIpukinasm 5.7. Cran BiJIbHOT YACTMHKYA MACOIO 1M Y MOYaTKOBUN MOMEHT Ya-
2

xr .
cy BU3HauYeHui xBuiboBuM makerom W(z,0) = Bexp (—F + zkosz:), e xg >0
T

0
— cTaJja Po3MIpHOCTI JIOBXKUHM, 10 BU3HAYAE IIUPUHY IakeTa; ky — cTaja po3-

MIPHOCTI XBUJIHOBOTO Yncia. JIOBeIiTh, 1110 3 4aCOM HAKeT «PO3ILJINBAETHCS>.
Poses’sazanns. Y voment t = 0 ryctuna iimosipHOCTi (1.2) Gy/ie raycoBoio
i3 MUPUHOIO T, MAKCUMYM $IKOI Oyjie pyXaTucst 3 epynosoto msuiakictio (hkg/m).
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EHxepreruyHunii crieKTp BiJIbHOI YaCTUHKYU HEIlepepBHUii. ¥ poJii «0a3ucHIX» PYyHK-

1

1
exp | =p.x|.
V21h P [hp

niit 3py4no 3acrocysaru Biaacui Gynxnii: ¥, () =

Binnosinuo 1o piBusnHs (5.7) Mmaemo

7

h

iht

€T —
Dz om

U(z,t>0) = L T A(p.) exp [

2
dp,

— 00
TOOTO MAKeT SABJIsi€ COOOIO CYIIEPIIO3UIII0 IJIOCKUX XBUJIb Jjie bpoiisisa. KoedirienTn
A(p,) 3uaiizemo 3 oznadenns (5.8). 3a joromoroio inrerpasa Ilyaccona mMoxkemo

2 2
exp [—% <% — ko) ] Ocraro4Ho

i A(p,) h
nojiaTh y Takomy Buriisiii: A(p,) =
To\/T

N . L
ABHUIT BUIIsA]] XBIUILoBOI (yHKIi (i3 3aminoro a(t) = 1 + —t):

Lo
. 2 . 2
Ul t > 0) = ;ex thox @t ikght .
zoa(t)y/m a(t) 2x3a(t)  2mal(t)

Jlerko mobavunTH, 1Mo rycTuHa IMOBIPHOCTI 3HOB Ma€ (bOPMY I'ayCoBOI KPUBOI

3 Ti€I0 K MBUJKICTIO pyXy MakcuMyMy. Oanax i1 mmpnna Ternep 30LIbITYEThCs 3
hit

ma3

JIJIsT TAKOTO TMaKeTa Oyjie BUKOHYBATHUCA B Oy/Ib-AKWIT MOMEHT Jacy.

2
JacoM 3a 3aKOHOM To(t) = zoy [ 1 + ( ) . CuiBBigHolIeHHd HEeBU3HAUYEHOCTEIH

3aBaaHHS JIJIsI CAMOCTITHOTO BUKOHAHHSI

1. IToOymyiiTe TaMiIbTOHIAH JIBOBUMIPHOIO i30TPOITHOTO TAPMOHIYHOTO OCITH-
JgaTopa Macoto M Ta 9acToToo ® Y JIeKapTOBiil 1 MOJIAPHI cucTeMax KOOpANHAT.

2. XBmiboBa QyHKIA MIKPOYaCTHHKH 3 Macoio m = 2,5 - 10727 xr mae
sursig U(z) = B (cos(ox) + €*), o = 4-10' m~!. Bnaiinits KineTnuny eHeprio
qacTHHKN (B €l1eKTPOHBOJbTaX). IIpuiycTith, mo h = 1073* JIx-c.

3. XBuiboBa yHKIA MIKPOYaCTHHKH 3 Macoio m = 2,5 - 10727 xr mae
pursty Wz, y, 2) = Ae *sin(By)sin(yz), B = 6 - 101 M1, y = 4. 1010 m L.
Kinernuana eneprist yactuaku jpopisuioe 1 = 5 eB. 3naiiaits crany o. [IpumycTiTs,
mo h = 1073 JIx-c.

4. YacTuHKa Macol M PyXae€TbCs BLILHO. SHallIITh €HEprilo Ta XBUJIbOBI
QyHKIIT cTalioHapHUX CTAHIB y BUIAJKY TPUBUMIPDHOTO PYXY.

5. IloTenmiaabnua eHeprig cuCTeMu € cTeneHeBa (PYHKITA Bl YCiX KOOPTHAT
13 IIOKA3HUKOM CTeIleHs N. 3Hail[iTh CIIBBIIHOMIEHHSI MiZK cepeHIMI 3HATEHHSIMH
KIHETUYHOI 1 IOTEHII1a/IbHOI eHepril.
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6. 3anmumiTh ornepaTop KiHeTHYHOI eHepril y chepudHuX KOOpJUHATaX Ta
BUPA3iTh Oro Yepe3 ornepaTop MOMEHTY IMITYJIbCY.

7. 3Hail1iTh KOMYTaTOp OllepaTOpiB KIHETUYIHOI 1 IOTeHIiaJIbHOI eHepril Ja-
crunku B osii U = U(r).

8. HacTuHKa 3 IMITYJIbCOM P, PyXaeThecs B3J10BK oci OX y BiIbHOMY IpO-
CTOPi. SHANITH XBUILOBY (DYHKIIO YaCTUHKH.

9. 3anumniite yacose piBHsinHs [lpesinrepa jist 3apsiizKeHOl YACTHHKH B
€JIEKTPOMATHITHOMY TOJII.

10. Busnadure, un MOXKYTh CTaHU 3 XBUJILOBUMU (PYHKIISAMU OYTH CTAIiO-
HAPHUMU:

U(E,t) = B(E)e M W(E, )
\I/(é’;a t) - (I)l(g)e_mt - @2(§)6—2i8t7 \IJ(&) t)

Yei cragi BBazKaTu JIHCHUMIU.

(I)(a)e—iet . (I)*(é)eiet,
B(E, t)e N,

11. BinbHi 9acTUHKE MalOTh Yy MOYATKOBUII MOMeHT 4acy t = ( XBUJIbOBI

2 1
byuknii ¥y (z,0) = \/Esin (L}Z;o) i Wy(z,0) = mexp (z%) 3HalliTh

12. 3'sacyiiTe, sIK 13 4acoM 3MIiHIOETbCA CTaH ILJIOCKOI'O pOTATOpa, SIKIIO B

XBUJILOBI (PYHKIIIT B HACTYIIHI MOMEHTHU Jacy.

[I0YATKOBIUI MOMEHT 4acy BiH 6yB Ommcannii XBmiboBoio dyuxiien ¥ = Asin’ .

13. Ilnockuit porarop 3 MoMmeHTOM iHepril I y MoMeHnT dacy t = 0 mpuBe-
neHnit y cran i3 xBuaboBoio Gyukiieio V(@) = B(1 4 cos @ + cos 2¢). 3uaiiiTh
XBIJIHOBY (DYHKIIIO B HACTYIHI MOMeHTH t > (.

14. XBuaboBa (ByHKIIisl YACTUHKM, IO IepedyBa€ B OJHOBUMIPHIil IIpsMO-
KYTHI# IMOTEeHIIa/JbHIN SMi ITUPUHOIO @ 3 a0COJIIOTHO HEIIPOHUKHUMU CTIHKAMU, B
nmovuaTKOBHi MoMeHT 1dacy MaJsia Burian V(zx, 0) = Cz(x — a). 3HaiiiTh XBUILOBY
QYHKIIIO B HACTYIIHI MOMEHTHU Yacy.

6. IludepennioBanHga onepaTopiB Ta iHTerpajgu pyxy

V KBaHTOBifl cucTeMmi 3 ramimbTomianom H mobHa OXi/THa omeparopa di-
3ugHOl Bestmanau G OB s13aHa, 13 4aCTUHHOIO TIOX1THOIO DIGHAHMHAM PYLY Y hopmi
letizenbepea: R R

dG  0G i
dt 0t h

Taxkum YMHOM, IIOBHaA HOXirZLHa OoleparTropa 3a 94aCoOM MO2KE BUABUTHUCA HEHYADOGOIO

[@ﬁ[} . (6.1)

HaBITh Y TOMY BHIIQJIKYy, KOJIM OIIepaTop He 3aJIe’KUTh BiJl Jacy siBHO, TOOTO 3a
HYABOBOT HACTUHHOT NOTIOHOL.
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Inmeepanom pyxry (abo BesmuInHOI, MO 30€piracThcst) Ha3MBaOTH (i-
3UYHY BeJUYUHY, CepejlHE 3HAUYeHHs KOl B JOBLILHOMY CTaHl He 3aJIe?KUTh BiJ]
qyacy. ZKio ¢iznyHa BeJIMYnHa He 3a/1e:KUTh 9BHO BiJI Yacy, BiJIIIOBIJIHO 10 piB-
HsauHst (6.1) KpuTepiem 30epeKeHHsI i€l BeJTMInHn Oy1e KoMymaia i onepamo-
pa 3 2aMIALMONIGHOM Pi3uunoi cucmemu. HasiBHICTD iHTErpaJiiB pyxy MOBHICTIO
BU3HAUYEHA THUIIOM (DI3UYHOI B3a€MO/IIl Y KBAHTOBII cucTeMi, a TOYHINIE — HOro
IIPOCTOPOBO-YACOBOIO CUMETPIEIO.

Cranu KBAaHTOBOI CUCTEMHU JIONIILHO BUOMPATH TaK, 11100 BOHU XapaKTepu3y-
BaJINCh MaKCHMAaJIbHOIO KLIBKICTIO He3aJeXKHIX OAHOYACHO BUMIPHHUX IHTEIrpaJsiiB
pyxy (nosrum Habopom). Hucjio ejieMenTiB y OBHOMY HaOOPI JOPIBHIOE “uCAY
cmenenie c60600u KBaHTOBOI cucTeMu. Po3ryistHeMo Jiesiki XapaKTepHi MPUKJIa I,

ITpuknamx 6.1. HYacTuHka 3 Macol m pPyXaeTbCsd B 30BHIINIHBOMY CHJIOBO-
My 1o 3 noreIiiinon exeprieto U(r). Orpumaiite siBHUI BUIJISA OllepaToOpiB
MIBUAKOCT1 1 IPUCKOPEHHA JaCTUHKUI.

Poses’sazanns. OuepaTopu KOOpAUHATH i IMITYJIbCY sIBHO He 3aJIe’KaThb BiJl
Jacy, TOMy BiioBiaHo 10 piBHstaHs (6.1) Maemo

_dr i ~ p
V=—=——|rH|l=—

dt h m
1110 30ira€ThCsl 3 KJIACUIHUM BU3HAUEHHSIM HIBHJIKOCTI PYXY.

1 dp i o~ 1
= [P = VU)

SIBJISIE COOOI0 «KBAHTOBMiT» aHAJOr Jpyroro 3akony HbioTona.

)

a=

IIpuknan 6.2. Ilepesipre, un Oyae IMIYILC P YACTUHKE MACOIO 1M 1HTe-
I'pajioM pyXy B IEHTPAJIbHOMY TIOJII.
Posg’azanmnsa. Y nenTpaabHoMy o1 oteparop [aminbrona mae BUTIS/T

A= 40
2m +U(r),

Je T — MOAYJIb pajiyc-BekTopa. OuepaTop P sBHO He 3a/leXKUTh BiJl dacy, OTKe,
=2

fforo yacTUHHA MOX1/IHA JOPIBHIOE HYJIIO, BIH KOMYTY€E 3 KIHETUYHOIO €HEPTIEI0 o
. .o “ee m
aJjie He KOMYTY€ 3 OllepaToOpOM IIOTeHIIa/IbHOI eHepril:

[6(@, f)} U = —ih[U(r)VT — V (U(r)T)] =
= —h[U(r)VU — (VU(r) ¥ — U(r) (V)] = =ik [VU(r)] V.

~

OTzKe, KoMyTaTop [ﬁ (r),p} = —ihVU(r) # 0. Tobro omeparop imiyibcy He €

IHTErpaJioM PyXy B IEHTPAJIbHO-CUMETPUYHOMY TOJII.
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IIpukaan 6.3. loBeaiTh, 110 KBaJpaT MOMEHTY IMITYJILCY 2 — 1e iHTerpaJl
PyXy B LIEHTPaJIbHOMY IIOJI.

Poses’sazanns. OCKiIbKI ollepaTop L2 SIBHO He 3a/1e3KITh Bij yacy, To fioro
JaCTUHHA IOX1JIHa JIOPiBHIOE HYJF0. To1i HEOOXIIHOIO 1 JJOCTATHROIO YMOBOIO TOIO,
1o pisnyHa BeJIMYNHA — IIe IHTerpaJl pyxXy, € PiBHICTh HYJII0 KOMYTaToOpa IIHOIO
omeparopa 3 oneparopom l'aMijabToHA: H : 12| = (HI? - I*H )

Omneparop ['aMiJIbTOHA YACTUHKK B IIEHTPAJIbLHOMY IIOJII Ma€ TaKUil BUIJISA;

S 1 K 0 0 1 o
H= = — — | sinf— _-
+Ulr) 2mr? ( sin 6 00 (Sme(%) * sin’ 68([)2> U,

7€ T — MOJYJb paJiyc-BeKTopa; L? — omepaTop, M0 MIiCTUTH TiJIbKN IIOXiJIHI 32
KyTOBUMU 3MIHHUMHE, OT?KEe, BIH KOMYTY€E 3 OY/Ib-s1KOIO (DYHKIII€I0 paIia bHOl 3MiH-
nol. Toui

A~

2

ﬁ[,fﬂ: L2 —|—[U7“ 22}:0.
{ 2mr? (r).
OT2Ke, MOMEHT KLJIBKOCTI PyXy € iHTerpaJ pyxy.
ITpukaam 6.4. JloBeiTh, 110 AKIIO MOTEHITIAIbHA eHepris € mapHa pyHKIIis
KOOPJMHAT, TO IMapHICTh Oy/e IHTerpaJioM pyXy.

Poss’sazanms. 3amnmuiieMo raMiJibTOHIaH YacTUHKNA MacK 1My HOTeHIia/Ib-
2 92

roMmy Tosi y Burvis H (r) = 5o T U (r). Bignosiamo mo tabi. 3.1 oneparop
m or

iHBepcil He MICTUTDH SBHOI 3aJIe2KHOCTI Bif dacy. ToMy HOCHTL JIOBECTH HOTo KO-

MyTalliio 3 raMiJIbTOHIaHOM, BpaxoByloun napHicTs U (r) [Togiemo KOMyTaTOpOM

Ha J0BLIbHY (yHKI0O (T):
[ﬁ[(ﬂ’ﬂ Qr) = ff(r)ﬂ(—r) — ﬁl(—r)Q(—r) —
_ h? 0*Q(—r) U0(r) +

2m or?

= {(U(r) = U(=1)} Q=)

3a ymosu U(r) = U(—r) jganuii BUpa3 TOTOXKHO [EPETBOPIOETHCS Ha HYJIb, IO i

h? 9%Q(—r)
2m O(—r)?

—U(—r)Q(—r)

s0BoAUTH KomyTariio H(r) i 1.

IMpuknasm 6.5. Busnaure, ski 3 MeXaHIYHUX BeJTUUINH (€HEprisi, MPOEKIIl
IMITYJIbCY, TPOEKINT Ta KBaJIpaT MOMEHTY IMITYJIbCY) 30epiraloThest il 9ac pyxy
JACTUHKE B [EHTPaJIbHO-cuMeTpudaoMy ot U(r).

Pose’sazanms. BupimeHHs 1Iboro MUTaHHSA 3BOJIUTHLCS 10 IEPEBIPKU TOTO,
=2
. . 73 P .
Yy KOMYTYIOTb 3 raMijibToHianom H = o + U(r) onepatopu BKazaHUX MexaHiu-
m

HUX BEJUYUH. YCi BEJIUINHA KOMYTYIOTH 3 OIEPATOPOM KIHETUYHOI eHepril, TOMY
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Tpeba 3’scyBaTh, Y1 KOMYTYIOTh Il OIIEPATOPH 3 OTIEPATOPOM MOTEHITIAIHLHOT €HeP-
rii.

3 oneparopom U (1) KomyTyiorh oneparopu Ly, Ly, L, i L* tomy 1o 3amu-
caHl y cepnuHuX KOOpMHATAX Il OlepaTopu Ji0Th TIMIbKKM Ha 3MiHHI 0 1 .

Taxum yunom, 306epirarbes 3 yacom sequunnun E, Ly, Ly, L 1 L?.
3aBJaHHS JIJII CAMOCTIHOIO BUKOHAHHSI

1. JoBeaiTh Taki BJIACTHBOCTI ITOBHOI IOXITHOI:
d— dA d/~ =\ dA dB d /~\ dA~ ~dB
—A=—, _(,4+B>:_+_7 _< >_

dt dt dt dt dt dt

2. Jlis 9acTHHKH, 10 PyXaeTbCsd B HoTeHIiajgbHoMy oy U(x), 3HARTITH

d d

moxizHi - (xQ), 7 (xpy), 7 (pxd) . ) )
3. 3HaiiIiTh Taki MOXiHi: a(i), %(f(r,t)i) Ta E(ﬁ?)

4. JloBeiTh, 1O 3a BIJICYTHOCTI CUJIOBUX IOJIIB IMITYJIbC YacCTUHKHU 30epi-
raeThCs.

5. HoBesiTh, 10 JI/Isi YACTUHKHU, STKa PYXAETHCS B ITOCTIITHOMY OJIHOPIIHOMY
nouii i3 cuioro F, Besimunna G = p — Ft Oyjie interpaiom pyxy.

6. 3HaliiTh MOBHI HAOOPU (PI3MIHUX BEJUYNH IIiJI Yac PyXy YacTHUHKU:

a) 3a BIJICYTHOCTI 10JIst (BIIBHUI PYX);

6) y HoJIi OJIHOPIIHOrO HECKIHYeHHOrO MUTiHpa 3 Biccto OZ;
B) o ojHopigHOT mwonwHn X OY';
r) moJii HeckirnueHHOT ojgHOpiaHol miBmiomuan X QY z > 0;
J1) TOJIi JIBOX TOYKOBUX 3apsiiiB Ha oci OZ;
€) OJIHOPIIHOMY 3MIHHOMY T10JIi;
K) 3MIHHOMY IOJIi OJTHOPIJIHONO HECKIHYEHHOTO IIJIH/IPA;
3) 3MIHHOMY TIOJIi OJTHOPI/THOT HECKIHIEHHOT HUTKIL;
1) 3MIHHOMY TOJTi HEPYXOMOI TOUYKOBOT YACTUHKI.

7. IloTeHmiaabHl aMu

Enepril cramionapHux cTaHiB YaCTHHKNI MAacCOIO M, SdKa PyXaeThCd B IOJI
U(z), i Bignosigi iM XBUIb0oBl (DYHKINT 3HAXO/ATE 13 PO3B’SI3KY OJHOBUMIDHOIO
cranioHapaoro piBasgHH4A [lIpeninrepa:

———V(x) + U(2)¥(z) = E¥Y(x). (7.1)
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['panmvni yMOBH /10 HHOTO BUILIMBAIOTL 13 YMOB CKIHUYEHHOCTI, OJIHO3HAYHOCTI i
GesnepepBHOCTI XBUIb0BOI (byHKIT W (), & TaKOkK BU3HAYEHI XAPAKTEPOM PYXY.
30Kpema, y BUMTAJKY (PinimHo20 pyxy IPAHIIHI YMOBH HEOOXiTHO BUOUPATH M-
ABOBUMU.

3a HasIBHOCTI KYCKOBO-HEIIEPEPBHOT'O MTOTEHITIAIY XBUIHOBA (DYHKILS B TOUII
PO3pUBY @ OyJie 3aUIIATUCS HEIEPEPBHOIO pa30M 31 CBOET MEPIO0 MOX1THOTO:

U(a—0)=T(a+0), ¥(a—0)=9(a+0). (7.2)

Cuissijrorentst (7.2) HA3MBAIOTH YMOBAME 3WUG0K XBIJILOBUX (DYHKIII{ y TOUII
po3puBy noreniiaJy. Li criBBiiHOIIEHHST TAKOXK MOXKHA C(DOPMYJIIOBATH Y BUIJIs I
beanepesHocmi A02aPUPMINHOT NOTIOHOT B TOUI PO3PUBY MOTEHINAJY:

V()| V()
W),y W)

. (7.3)

Y BUNa Ky, KOJIM MOTeHIIaIbHa eHeprisd Mae 8-11oi0Hy 0coOUBICTD Y TOYII
r=a (V(z)=U(z)+v8(x — a), ne U(x) — KyckoBo-HenepepBHa MYHKIA; ¥ —
crasa), cuissignomenns (7.2) HAOYBAIOTH TAKOTO BHUIVISIILY:

2m

U(a—0)=U(a+0), P(a+0)-V(a—0)="77a).  (T4)

Hagetemo HaliBa K IUBIII BJIACTHBOCTI OJJHOBUMIPHOTO (DIHITHOTO pyXYy, AKi
BUTLIMBAIOTH 13 Teopil (DYHKITIOHATBLHOTO aHAJIZY:

1) yci eHepreTudHi piBHI HEBUPOKEHI;

2) xBUJIbOBI (DYHKIIIT CTAIIOHADHUX CTAHIB MOYKHA obuparu jificaumu (100
iX basu He 3asIeXKa/IN B KOOpAWHAT);

3) BUKOHYETBCST OCUUAAUITHA MEOPeMa: SIKIO OCHOBHUN CTaH MO3HATNTH
injekcoM «0», mepimnit 30y/zKeHnit — «1» TOIo, TO B 00/1aCTi JOKATI3aIlIl YacTIH-
KU, KpiM 11 IpaHuIlb, XBIJIbOBA (PYHKINSA N-T0 30YJ:KEHOTO CTaHy PiBHO N pa3iB
00epTaeThCs B HYJIb, TPUUOMY BCl HYJI OY/IyTh HEBUPOJIzKeHi. Po3riisinemo neski
XapaKTepHI MPUKJI/IN.

Ilpukiaan 7.1. HactuHka Macow m 3HAXOAUTHCS B HECKIHUEHHO IVIMOOKIil

. . . . 0, O0<z<a;
IPSIMOKYTHI{T oTeH i bHiil stmi upusoro a: U(x) = 3uaii-
o0, <0,z >a.
T eHepril cTallionapHuX CTaHiB YaCTUHKU Ta BIAMOBIIHI IM XBUIHOBI (DYHKIIII.

Poss’sa3zannsa. BBaxkaTnmMeMo JHO siMH HYJHOBUM PIBHEM BiJJTIKY €Heprii,

a JIBUIT KyT — modyaTkoM KoopauHat. JlormycTtumi eneprii OyyTh HEBiJI eMHUMH, &

pyX — 3aBkJIu PIHITHUM.
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2
Piusianst (7.1) mepeTBOpIOETHCsT Ha PIBHSHHS —2—\11"(1;) = EV(x) 3 my-
m
apoBuMi ymoBamu Ha rpanuisgx W (0) = WU(a) = 0. Bignosigno 1o siaacrusocreii
OJTHOBUMIPHOTO (PIHITHOrO PyXy 3arajJbHUil po3B’sI30K JIHIHHOTO OJIHOPITHOIO JTH-
depeHIiaJbHOrO PIBHAHHSA 3PYYHO MOJATH B JICHIN dopMmi:
: V2mE
U(z) = CsinAxr + Dcoshz, A= 7
e C'i D — crai, 10 mijiaraioTh BUsHaIeHH0. 3 yMOB 3MUBKH (7.2) OTPUMYEMO
aBi ymoB: D = 0 i sinAa = 0. OcranHe piBHSAHHS 3aJI0BOJILHIETHCS TLILKHU 32

mn :
JINCKPETHUX 3HaYeHb: A, = —, n = 0,41, ... Takum ynHOM, MU 0JIEPKYEMO TaKI

BUpA3M JIJIsi €Hepriii 1 XBUJIbOBUX (PYHKIIII:

232, 2
. Tnr n“hn
U,(r)=Csin—, E,=—— neZ.

a 2ma
ZIKImo BUIydnTH 3 PO3IJIsy TpuBiaabHUiT po3s’s30k pisasiang [lpeniarepa (3a
n = 0), Bix'emHi 3HavYeHHS N (BUPOJZKEHHsT €HEPTeTHYHUX DIBHIB 3a 3HAKOM N
BijicyTHE), 3acrocyBarn npukiaaja 1.1 s 3HaxozKeHHst cTauoi HopmyBanHst C' i
IIPUBECTU PE3YJIbTAT Y BIIIIOBLIHICTD JIO0 OCHUIAIIIHOI TEOPEMU, OTPUMAEMO OCTa-

TOYHY BIJIIIOBI/Ib:

a . mn(n+1)

25,2 1)2
U,(z)=4/=sin——x, FE,= mhnt1)
2 a 2ma?

, n=0,1,2,... (7.5

Heckinyenno rimboKa MoTeHIIaIbHA sIMa, MICTUTH HeCKiHYeHHYy KITbKICTH
piBHIB eHeprii. EHeprii cralionapHnX cTaHiB 3Bepxy HEOOMEKeHi il 0J[HO3HAYHO

BU3HAYEHI KBAHTOBUM YUCIOM 7. OCHOBHOMY CTaHy BiJIIIOBI/Ia€ HEHY/IbOBA €HEPTis
n2h?

EO = 27
2ma . . . L
IIpukmaam 7.2. 3naiijiTh MOXK/IMBI BJIACH] 3HAYEHHs eHepril Ta IX HWMOBIip-

TOOTO BIH JICZKUTH BUIIE 34 «JIHO» ITOTEHIIAJILHOI SIMMA.

HOCTI JIJIsi YaCTUHKH Macolo m, I0 IepedyBae B HECKIHYEHHO TJIMOOKIiil MoTeH-
niasbHifl siMi MUpuHOIO @ B craui, omucanomy dyukiieo V(xr) = Az(a — x).
Poss’sazarmsa. CriogaTky TpoHOPMYEMO (DYHKIIIIO:

AP d® 30
u, sBlKn A = 4 [ —.
a

a
1=|A JxQ(a — z)%dr =
0
Possunemo dynkiito crany V(x) = Z D,V (x) 3a Bracaumu GyHKIHSIMI
n

39



craiionapuux crais (7.5). KoedirienTn po3BuHeHHs 3HAIIEMO TAKUM IHHOM:

D, = J\I!;(:c)\ll(x)da: = %Jsin Mz(a —x)dr =
a
0 0

a

4/60
21/60 V60

= S - U = (B TR

KOJIM i — IIapHE,;

0, KOJIM N — HelapHe.

Y pesysbTari HeHy/IbOBI 3HAUeHHs eHepril yactuaku (7.5) Ta BiAMOBiMHI TM
HMOBIPHOCTI MOYKHa OOYHMCIUTH SIK

960

PR320+ 1)? B
—w8(20 + 1)

E, = W, = | D,|?
l oma? 1= |D

1=0,1,2,....

ITpukaam 7.3. Yactunka macoio m nepedyBae B HalliBHECKIHUCHHI T TTOTEH-

00, x < 0;
niasbHiil sMi 3 norenmianoM sBuriaany U = <0, 0 < z < a; 3HafiTu piBHAHHA
Uy, x> a.

JIUIs CTalliOHAPHUX CTaHIB €Hepril, a TaKoyK YMOBH IOSIBU 1IE€PIIOTO i N-T'0 JIUCKPET-
HOI'O €HepPreTUYHOro pPiBHIB.
Poss’sazanmsa. Po3id’emo 3ajianuil npocTip Ha TpU 00JACTI, Jieé XBUJIHOBI

0, x<0;
dbysxnil ¥ = < Uy, 0 <z < a; Mn po3s‘s3yeMo 3a/1a4y Ha MONIYK CTalllOHAP-
Uy, x> a.

HUX CTaHiB, TOMY €Hepris YaCTUHKU MOBUHHA 33J0BOJILHATH yMOBY I < Uj. PiB-
usianst [ peminrepa (7.1) B Hammx obactax (puc. 7.1) HabyBae TAKOrO BUIJISIILY:

2mE 2m(Uy — F)
Ul + = U, =0, W)+ = Uy = 0.
PosB’s13k1 1uX piBHsIHB, 3aCTOCOBYIOYM yMOBHU 3HIMBOK (7.2), 10JIaMO B TaKOMY
BUTJISI I
2mE
U (2) = Asin(kz +b), k = 7? . 3 ymosn Up(0) =0 = b=0.
2m(Uy — K
Uy(x) = Be ¥+ Cel™) q = v m(ho ), 3 ymoBu Wh(oo) < o0 = C =0.
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! =

,,,,,,,,,, B N e .
I
1

Puc. 7.1 Puc. 7.2

3 yMoB 3muBOK (7.2) y TOUII T = @ MaeMO

Ui(a) = Vy(a) = Asinka = Be %, V(a) = V,(a) = kAcoska = —qBe .

3 ocTaHHIX PIBHSIHD OJIEPXKIIMO BHUPa3 I tg ka = ——, 3a JIONIOMOT'OI0 SKOI'0 MAEMO
q

Take IepeTBOPEHHS:

tigka _, k. A
Vittghka  VE+E T \2mU®

3 1[bOr0 PIBHSIHHS OTPUMAEMO BUPA3 JIjIsl 3HAXO/?KEHHs PiBHIB eHepril YacTUHKU:

V2mFE n h vV2mFE

sin ————a = a,

h a VomUpa2 I

SIKHii, y CBOIO 9epry, MOyKHA po3B’st3aTu rpadidno (puc. 7.2). Po3s’askamu OymryTh

sin ka =

TOYKU MEPETUHY CUHYCOIIN 1 MPSIMOT, M0 3ajIeKaTh Bij mapamerpa ka (crekTp
eHeprii 6yje duckpemmum). 3a0BOIbHSIOTE HAII YMOBH TiJIbKH Ti 06/1aCTI BU3HA~
YeHHsI cuHycoian, ae tg ka Big emuanit. KyT HaAXUIy NpsiMOl 3a/1€2KUTh Bijl MHOXK-

HIK&a —————, TOOTO napameTpiB smu — 1mmpunn a i rmmounn Uy. KinbkicTnb
vV 2mU0a2

. . . T
TOYOK IepeTHHY cKiHndeHnHa. 250/ IHOr0 piBHs eHepril He icHye, AKIo ka < 2 TOO-
n2h? , n2h? o
2 o ) 2

To Upa™ < B [Tepmmii piBenb 3’gBisieTbesd, Ko Upa” = e Y pa3i 3011b-

m m
IIEHHS PO3MIPIB SIMU KIJIbKICTH PIBHIB 30LIbINYETHCS, N-il PiBEHDb 3'SBJIAETHCA 34

1 n2h?
ka=m{n+ =), o6ro Upa* = ——(2n + 1)%

2 8m

Y jnaniit 3aja4i 00J1aCTb & > @ € KAaCUHO HedocmynHoro. Aje XBUIHOBa

dbyuxiis Vo(x) y it obracti ne obepmaemuves 6 nyas momosicno. Lle o3nadae
MOYKJTUBICTD NPOHUKHEHHA YACTNUHKY 68 KAACUUHO Hedocmynny obaacms. I'yctuna
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MOBIPHOCT] BUSIBJIEHHsI YACTUHKU €KCIIOHEHIIHO 3racae B pasi HorinOJIeHHsS B
o obsactb. Edexmuena eaubuna i1 nponnkuenns d ~ (2q)7' BusHauaerbcs
Bucotoio Uy Ta erepriero F 1 € OJIHIEIO 3 XapaKTEPUCTUK MYHEAbH020 eherxmy.

IMpuknasm 7.4. Y HaniBHecKiHUeHHI{T TOTeHIIaNbHIH siMi (uB. jgaHi 3
npukJI. 7.3) enepris dactunkn E = Uy/2. 3uaiiaiTe:

a) mapamerpu amu Uya?;

0) HaibiIbIT IMOBIpHE 3HAYEHHST KOODIUHATH YaCTHHKI;

B) IMOBIPHICTH 3HAXOJI?KEHHST YACTUHKU BCEDEIMHI SIMU.

Posg’sazanHs. 3acTOCYEMO PO3B’I3KH MOIEPEIHBOIO TTPUKJIA/LY.

T v mU, 3n

. . T T
a) OCKIJIbKE piBeHb €IUHUI, TO 3 < ka < 5 = 3 < Ta < 5
PiBngnng ma piBHi eHepril JacTb YMOBY /I TapaMeTPiB IMU:
2 3m On?h?
sinka = — = ka = — = Upa® = :
2 4 0 16m
Asinkz, 0<z <a; mU
0) Xsubosa byukiis V(z) = ’ k=g = Y2
Be % x> a; h
, _ A’sin’kx, 0<x<a; _
['yeruna iimosiprocti w(x) = OueBn/IHO, 110 HAHOLIBIII
B?e—21r, T = a.

fIMOBIpHE TOJIOXKEeHHsT YacTUHKN — Bcepeauni smu. 1106 3naiitn i1 KoopauHary,
OOUIHCINMO €KCTPEMYM TYCTHHHU fiMoBipHOCTI (puc. 7.3):

dw Ty  2ay
— =0 = sin2kr=0 = zy= — = —.
dx T2k 3
. : 2a
Hajiibinbimn fiMoBipHe 3HAUEHHSI KOOPAUHATH T = g

B) VIMOBIpHICThH 3HAXO/PKEHHST YACTUHKN BCEPEINHI SIMU:

)_A‘Za V2

( A? 1
Wi, = JA2 sin® kzdr = — (a — —ssin 2ka

=21
2 2k *

2 3n

SHajijleM0o TaK caMO HMOBIPHICTH 3HAXO/YKEHHSI YaCTHHKH 11032 sIMOIO:

o
B2 —2qa 2 A2
Wous = JBQe_qudx _ B pew g2l A
2q 2 3T
a
[osma itmosipHicTs Wiy + Wy = 1, 3iakun A = b Orxe
m out ) &(4+37I+\/§) )
L : 3n+ /2
HMOBIPHICTH 3HAXO/ZKEHHS YACTUHKYI Beepe i amu Wi, = =0,73.

4+43n++2
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ITpuknax 7.5. 3HaiigiTh piBHI eHepril Ta HOPMOBaHI XBUJIbOBI (PYHKIIT
CTaHiB JINCKPETHOrO criekTpa dactuaku B mo U(x) = —yd(x), v > 0. SuaiigiTe
cepejiHl 3HaYeHHs KIHETUYHOI 1 ITOTEeHIIa/IbHOI eHepril YacTUHKHU B IIUX CTaHaXx.

Poss’azarns. OCKIIbKN HaC IMIKABJIATH 3B s3aml 4U(x)
CTaHH, TO IIOBHA €Heprisd JYaCTUHKN ITOBUHHA OyTH BijI €M-

roto. Pisuanng Hlpeniarepa (7.1) mas gactunknm:

5+ 73 (|E[+13(2)) ¥(z) = 0.

Beronn, kpim Toukn x = 0, 11e piBHsSIHHsI HaOyBa€ BUIJISIILY

>V () CRU(z) =0, k= \/2m|E|
da? ’ ho
PO3B’a30K fKOro mojamo sk W(z) = Ae + Be ™.V pesymbrari nakiajanms
YMOB 0OMEXKEHOCT] Ha XBIJILOBY (DYHKIIO OTPUMAEMO TAaKHil BIpas:
U(x) = Be % x> 0;
Aek* 2 <.

3acrocyBaHHsi yMOB 31MBOK (7.4) Ja€ 3MOTY 3alllCATH Taki CIIBBIIHOIIEH-

HA: 2
my
A=B, —kA—kB=-2""4
h2
BpaxoBytoun Bce BuIlle cKa3aHe, M OTPUMYEMO BUpa3 JI/Isl eHepril 9acTuH-
my? o
Ki: B = ECTR TakyM YMHOM, y O-IIOI0HIH sIMi 3aB2KIU MAEMO OJINH eHepreTH -

HUiT pIBEHD.

Bupas j1s1 XBuiboBol pyHKIIT MOXKHA 3aIIUCATH JIJIs JIBOX 00J1acTeil Y BULJIsI I
U(z) = Ae k=l BacTocyBaBIIN YMOBY HOPMYBAHHS XBUJILOBOI (DYHKILT Y BUIIAI-
Ky JIJMCKPETHOI'O CIIEKTPa, OTPUMAEMO CTaJly HOPMYBAHHSI:

00 0 00

A 2
J |A|Pe 2l gy = | A)? J Ml da + J e 2Fdy | = % = A=k,
—00 —00 0

3a JIOTIOMOT'0I0 SIKOI 3Hail/IeMO XBUJILOBY (PYHKIIIIO YaCTHHKU:

U(z) = Ve el = @exp (_m_ym) :

CepejiHe 3HaUYEeHHS [TOTEHIIAJIbHOI eHepril

" 2
U:%gjewmmm(-ﬁwomz_%f
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CepejiHe 3HAUYCHHS KIHETUYIHOI eHepril

dx? dx?

2 N 2
T - 1 J emvw/ﬁzd_ [emv:r/ﬁj da + Jemvz/ﬁQd_ [emvl’/ﬁz} dx
0

0 00
2 2
_ mr ge | o8 _mr
= 12 Jed& Je dg 57,2
0

—0oQ

3aBaaHHS JIJIsI CAMOCTITHOTO BUKOHAHHS

1. Buznaure cepejii 3HaUeHHsI KOOPJAUHATH, IMITYJILCY Ta IX (DJIYKTyalil J1J1s1
JACTUHKU, 10 3HAXOINTHCA B HECKIHUEHHO IINOOKIi IOTEeHIaIbHIH SIMi IITHPITHOO
a. IlepesipTe cHiBBIJIHOIIEHHSI HEBU3HAYECHOCTEN JIJIs1 KOOPJIMHATH i1 IMITYJIbCY B
CTallloOHaApHUX CTaHaX.

2. 3HaITh PO3IOILI IMOBIpHOCTE PI3HUX 3HAUYEHb €Hepril YacTUHKH Ma-

MOTEHIAIbHIN sIMi IMUPUHOIO @, MO ONMUCYETHCS XBUILOBUMU (DYHKITISIMU BUTJISTY

a? o

Uy (z) = Az(x — a); Uy(x) = Bx | 2* — 7 ) Ws3(z) = C'sin? <?>

3. HacTnHka Macoro m pyXaeThbCs B OJHOBUMIPHIi MPSIMOKYTHI#l HeCKiHYEH-
HO IVIMOOKIil IMOTeHIa/JbHIN Ml HIUPUHOIO ¢. SHAKIITH HAOLIbII HIMOBIPHI 10JIO-
JKeHHsI JaCcTUHKHU, MTPUBEJIEHO] B MepIuil 30y zKeHIil cTaH, Ta cepejiHe 3HAUeHH
KIHETUYHOI eHepril YaCTUHKHU B IIbOMY CTaHI.

4. Yactunka nepedyBae B OJHOBUMIPHIN TPAMOKYTHIN TMOTEHIIaIbHINi aMi 3
HECKIHYeHHO BHCOKUMU CTIHKaMU. SHA/IITh eHepreTHIHuil piBeHb YaCTUHKM, JIJIs
SIKOTO 1HTEepBAJIM eHepriit JBOX CYCI/IHIX 13 HUM DIBHIB (BEPXHBOIO i HUZKHBOIO)
BiHOCATEBCS 9K 7/5.

5. Hactuaka mepebyBae B OCHOBHOMY CTaHi B OJJHOBUMIDHIH MPsAMOKYTHIil
MOTEHIAIbHINM gMi 3 HecKiHueHHO BucokuMHu crinkamu. [IIupuna svu a. 3uaii it
fiMoBipHiCTH TIepedyBaHHs YacTHHKE B obJiacti = € [a/3;2a/3].

6. Yactuaka mepebyBae B OCHOBHOMY CTaHi B OJJHOBUMIDHIH MPsAMOKYTHIil
HOTEHIIAIbHI sIMi 3 HeCKiHUeHHO BucOKuMM cTinkamu. [Hupuna savu a. 3Hal1iTh
fimoBipHicTb TrepedyBanHs dacTuHk B obsacti x € [0;2a/3].

7. IIporon nepebyBae B OJITHOBUMIpHiiT TPAMOKYTHIi MMOTEHIIAJIBHIN M TTTH-
PUHOIO 1 HM i3 HECKiIHUYE€HHO BUCOKUMU CTiHKaMU. SHANIITh HAWMEHIIY Pi3HUIIIO
eHepreTnvyHuX piBHiB ALK, npoToHa.

8. 3HaiAiTh HMOBIPHICTH TOrO, IO YaCTHHKA Macoio m, sika IliepedyBae B
In?h?

HECKIHYeHHO IJINOOKIi siMmi, Ma€ eHepriio £ =
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. : :

9. Posp’sikiTh piBHAHHS [IIpeginrepa Jijisi 9acTHHKI MACOI0 M, M0 mepedy-
Ba€ y JIBOBUMIPHIil HeCKiHUeHHO IJTMOOKIH moTeHIiaabHiil sMi, MUpUHA KO 110 0Ci
T JTOPIBHIOE a, a 110 oci y fopieaioe b (0 < z < a, 0 < y < b). SHaiigiTh:

a) CIEKTD BJIACHUX 3HAaYCHb eHepTil Fy, ,, 1 Biacui Gyl qactuak Wy, ., ;

1n2
0) fiMoBipHiCTH 1T 3HAXOKeHHS B obsacTi a/3 < x < 2a/3.
10. Posp’skiTh piBastHHs [peinrepa i 9acTUHKH Macoio M, IO Iepe-

OyBae B TPUBUMIPHOMY HEIPOHUKHOMY TOTEHIIATLHOMY SIITHKY:

0, 0<z<a 0<y<bh 0<2<q

Ulx) =
(@) 0o, v<0,xr>a, y<0,y>0b, 2<0,z>c.

3Hail1iTh creKTp eHepril K, n,n, 1 BaacHl QyHKIHT 9acTHHKI Wy, o,

11. HacTrHKa 3HAXOAUTHCS B OTEHIIATBLHOMY T10J11 (1B, JaHi 3 TPUKJI. 7.3).
SHail1iTh:

a) sHadennst a?Up, 3a SIKOIo eHepris 0CHOBHOIO cTany jopisHioe 3Uy/4;

6) sHadenHs senmaunu a?l), 3a FKOTO 3 dABIAETHCS TPETiHl IUCKPETHHIT
PIBEHb;

B) 4MCJI0 eHepreTHYHUX piBHiB y ami, sxio a*Uy = 12542 /my;

r) HaOJIKEeHWH aHAJITHIHUI BUpa3 eHepriii HukHiX piBHiB (F <& U)),
akio a*Uy >> h? /my.

12. 3uaiigiTe napui it HemapHi eHepreTUYHi piBHI JIMCKPETHOTO CIIEKTPa Ja-
=, |z <a
0, x| > a.
Busnaure KiJIbKICTb CTaHIB YACTUHKHU JUCKPETHOI'O CIIEKTPA 3aJIE2KHO BiJl IJINOU-

CTHHKH B CHMETPHUHIH morenmiaibmiit ami surisny U(x) =

HI SIMU. Y KaxKiTh YMOBY IOsIBU HOBUX CTaHIB y Pa3i MOTJINOJIEHHS SMU.
13. HacTtuaka Macoio m pyxXaeThbCsd B OJHOBUMIPHIN acUMETpUIHIil MOTeH-

Ui, =<0
miabHif smi ckindennol mbnnn U(z) = ¢ 0, 2 < 0 < a; Busnaure:
Uy, =>a.

a) eHepril cTamioHAPHUX CTAHIB YaCTUHKU;
0) yMOBY, 3a sKOI B siMi He Oy/ie 3B’sI3aHNX CTaHIB;
B) MaKCHMaJibHe 9ucyIo piBHIB 3a 3aganux Uy, Us i a.
Posryigabre rpannani sunajku U; — oo 1 Uy = Us.
14. 3Haii/iTh eHepreTUIHuil CIeKTP YacCTUHKU MACOI0 M B MOTEHIHAJIbHO-
, —od(z), |z| <aq; moa
My nosi Burysiny U(z) = a > 0. Ba ymoBu =
00, x| > a,
JIOCTIITE CTPYKTYPY PIBHIB HUXKHBOI YacTUHU cleKTpa. /loBemiTh, 1o enepre-

> 1

45



THYHUN CIEKTP CKJIAIAETHCS 3 MOC/IIIOBHOCTI 1ap OJIN3LKO PO3TAIIIOBAHIX PIBHIB,
1 3HAITh BJICTAHb MIXK IIUMU PIBHIMMU.

15. Hactunka nepedyBae B HECKIHUEHHO NTHOOKIiiT moTeHiaabuii smi. O0-
YUCJIITh CEPEJIHIO CUJIY, 3 SIKOI YaCTUHKA JIl€ Ha KOXKHY 31 CTIHOK SIMU B CTalllo-
HApPHUX cTaHaX. BianoBiib MOpIBHANTE 3 Pe3yIbTaTOM KJIACHIHOI MEXaHIKH.

8. IIpoxomkeHHda Kpi3hb IIOTEHIIAJIbLHI 0ap’epu

Hexait norenmiasnbue nose U(z) Take, 1Mo mnoTeHriajgbia Kpusa (puc. 8.1)
Ma€ B 0OMexKeHiit obJiacTi «rop0b», a B aCUMIITOTHUII BUXOAUTH Ha <«ILIATO», TOOTO
38 r — 00 pyX YaCTHHOK CTa€ BLIbHUM. Takmil «ropO» NPUiHATO Ha3WBaATU
nomeHUlaAbHUM bap’epom.

PosriisineMo cmauionaprudi porec po3citoBaHHsI Oap’€poM IIOTOKY YacTH-
HOK, 110 8CMAHOBUBCA.

[licist nogosnannst 6ap’epa HOTIK po3- “H(x)
| Umax
OUBaeTLCA Ha «TOi, Mo mpoiimos» i «sig-  Jref /\\ Jpass
- “ e
outnii». [leit mporec 3pydHo xapakrepusy- — Jfall

BaTH CIIOCTEPEKYBAHUME BeJIUINHAMU: Koe-
diutenmom 8i0bummas, 10 sIBJIs€ COOOTO

BIJIHOIIIEHHsI TYCTUHU TIOTOKY BiIOMTHUX dYa-

8/

CTHUHOK A0 I'VCTHUHHA ITIOTOKY 9aCTHHOK, IO I1a- 0

HAIOTh: Puc. 8.1

R — jref

('H«e jref — ‘jref| ) jfal — jfa1|) (81)

Jfal | —— o
i xoediuteHmom npo3opocmsi, 1O sIBJIisie COOOIO BiIHOIIEHHS] I'YCTUHH TIOTOKY
YACTUHOK, IO IPOMIIIN, JI0 TYCTUHU ITOTOKY YacTHHOK, 110 HaJIai0Th:

jpas|:c%oo . .

D=+—— (r’le Jpas = |.]pas|) . (82)

]fal‘:c—>—oo

['yeTwHM 1TOTOKIB BBaXKalOTh B3ITUMHU Ha aCUMIITOTUYHO BiJIJIaJICHUX BIJICTAHSIX B
00J1acTi BUXO/1y IOTEHINIaJIiB Ha, I1J1aTO.

B obsacti £ — 00 MaeMo TIJIbKN YaCTHHKH, sIKi IPOHIILIN depe3 bap’ep (3

JTOMATHUM iMITy/ThcoM ). ToMmy XBHIbOBa (DYHKIIIST SIBJIsIE COOOIO TLIOCKY XBUJTIO:

U(z) =" e y= v2m(E - Umin). (8.3)
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Dynukiis (8.3) HOpMOBaHa Ha 36ir I'YCTHHU MOTOKY YaCTHHOK, 110 TPOMIILIM, 3
KJIACUIHOIO MIBUJIKICTIO. 3acTocoBytoun dhopmyiy (5.3), orpuMaemo

_ Iy

T—00 m

(8.4)

Jpas

B obiacti x — —00 € 9aCTUHKM SIK Ti, IO IPOMIILIN, Tak 1 BigouTi. Acumirro-
TUIHUI BUTJIA Po3B 13Ky piBHAHHS [[Ipemiarepa B 1iit 0b/1acTi mo1aMo B TAKOMY

. , V2mE
= Ce* 4y Fe ™ e k= vemz

T——00 h

BULJISI I

V()

(8.5)

[lepmit nomanox y Bupasi (8.5) BiANOBIIaE YaCTHHKAM, IO MAJAIOTH, JIPYTUil —
IIOTOKY BIJIONTHX YaCTHHOK. ['YCTHHH IOTOKIB OOYMCIIIOIOTE BiIIOBIIHO J10 (op-
mysn (5.3):

. hk , hk
Jfal = ’C|27 Jref = |F‘2 (86)
m T m

T—r—00
Axrmo Bigomi crami C' 1 F, To 3a dopmynamu (8.1), (8.2), (8.4) i (8.6) 3Haxommmo
KoeiIeHTH IPO30POCTi 1 BIAOUTTSI:

_FP
e

v 1

D=1
EICP

R R+D=1. (8.7)

PoscitoBanHsi MIKpOYaCTUHOK Ha IIOTEHIIaJIbHOMY Oap’epi CyTTEBO BilIpis-
HSETHCA BiJ] aHAJOTNYHOIO0 MaKpPOCKOIIYHOIO Iporecy. ZIKIo eHepris 4acTUHKU
3a10BOJIbHAE YMOBY Upnin < F < Upax, TO B MaKpPOCBITI BCl 0€3 BUHATKY YaCTUH-
KU IIPYKHO BimbuBaJjincst O Bij Oap’epa, TodTo R = 1. Y MIKPOCBITI YacTUHKU
MOXKYTh 13 HEHYJILOBOIO HMOBIPHICTIO NMPOHUKATH B KJACUYHO HEJOCTYIHY ITij-
bap’ephy obstacTb. fkimo Gap’ep He HAATO MUPOKUil (6JIU3LKUIT 10 JTOBKUHE JIe
Bpoiisist), To gacTHHKE OY/IyTh MPOSIBIATUCS 3 HEHYTHOBOIO HMOBIPHICTIO 1 Ha 1TpO-
THIesKHOMY 6011l 6ap’epa, To6To D # 0 (rynenbhuit edexr). lanuii edexr mae
CYTO KBAHTOBY ITPHUPOLY.

Y BunaJiky E > Upax Y MAKpOCBITI Bei 6€3 BUHATKY YaCTUHKH ITPOJIOBIKHU-
qm O cBift pyx y gojgarHOMy Hanpsmky oci OX, 3MiHUBIIHM Xiba 110 CBIiii IMITyJIbC,
To06TO0 D = 1. ¥V MIKPOCBITI He30epe:KeHHs IMITY/ILCY B 30BHIMIHLOMY CHUJIOBOMY
II0JT1 3yMOBJIIOE TIOSABY B 00J1aCTi Oap’epa CTaHIB 3 PISHUMU 3HAYEHHAMU IMITYJIbCY,
y TOMY 9uci it 3 inmummM 3HaKoM. [ToToKn 3 0JJHAKOBO CIIPAMOBAHUMUI IMITYJIHLCAME
iHTepdepyIOTh OJNH 3 OJHUM, IO B OCTATOYHOMY IIiJICYMKY OOYMOBJIIOE TOSIBY
CIIOCTEPEXKYBAHUX BIIOMTUX YacTHHOK, ToOTo R > (. Taknii kjmacmaHo 3ad0po-
HeHuii eeKT HAa3UBaTh Hadbap’ eprum siddbummasanm. s rnosgsu Hagdbap’ep-
HOTO ebeKTy MOTpiOeH He CTLILKN Oap’ep, CKIIbKKM HasBHICTH CUJIOBOTO IIOJIS B
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obMmezkeHiit obJiacTi npocropy. Tomy BijOuBaTH MOXKe He TLILKU Oap’ep, a i siMma.
Posrisinemo jiesiki xapaKTepHi IPUKJIAII.
ITpukaan 8.1. Yactunka macoro m majae 3J1iBa Ha CUMETPUUIHY ITOTEH-

. 0, r < 0; .
nianbny amy rmonnoo Uy: U(z) = Enepris gacrunkn
—Uy, <0,z >a.

E > 0. 3naiigits koedimienTu npo3opocti D i Bigburta R yacTuaKu. 3a oTpuMa-
HUM pe3y/ibTaTaMi BU3HadTe eHepriio £, 3a kol yacTuHka Oyj1e BlIbHO ITPOXOTUTH
yepes siMy. YCTaHOBITD JIJIs 1ILOTO BUIAKY 3B ST30K MiK IIMPUHOIO sIMU @ 1 JIOB-
»KuHOI0 XBuJIi jie bpoiisist A Becepeuni simu. O04nC/IiTh, 38 IKUX 3HAYEHDb IMUPUHN
MU @ KOeIIEAT MPo30pOCTi MiHIMAILHUIA.

Pose’sazanns. Pozib’emo npocrip Ha Tpu obsacti (puc. 8.2), piBHSIHHS
Ipeniarepa (7.1) st OJHOBUMIPHOTO BUIAJKY B SIKIX MATHME BUTJISIT

f, e<h omE om(E + Up)
m m(L + Uy
U(x) =< Uy, ze(0;a); = b+ 72 Uy =0, '1”3—|— = Uy3=0
Vs, z>a
Po3p’s130K ocTaHHIX pIBHSHb I110JIaMO Y TaKOMY uea 1
BUTJISI I Ol E
. . 0 a X
Uy(z) = A" 4+ Bie ", @ @ @
. , 2m(E + U,
\113(33) _ Asequ +B3€—zqac’ q= \/ m(h + 0),
tkx —ikx v 2mE
\Ilz(x) = Ase g + Boe g , k= T Puc. 8.2

[licraBsoan 11i po3B’ 3K B YMOBH 3MUBKHI (7.2), OTPIMAEMO CHCTEMY DIBHSIHb
3 HEBIJOMUMH CTAJTIMU:

A1+ By = Ay + By, AI_BIZ(AQ_BQ)g

k?
A2€zk‘a + B26 ika __ A/él?)ezqa7 A2ezka . BQ@ ika __ A3%62qa.
Crana By = 0 BummBae 3 yMOBH 0OMexKeHOCTI XBUJIHLOBOI byHKIT. [Ilasxom

JIHIHUX TIepeTBOPEHb BUPA3UMO BCi HeBijoMi dyepes crayy As:

i(k—q)a i(k+q)a .
Ay = ‘ (q i k) A3, By = ‘ (q k) As,
2 q 2 q

) ) Aeika
(R = =P B = T

A3eika

A
! 4kq

(¢* — k*)isin qa.
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3a oznadenusimu (8.1) i (8.2) 3HaxomumMo KoedirieHTn mpo30pocTi it BiaduTTs:

B 16k%¢?
e (q + k)? — e'e(q — k)’

2(¢*> — k?) sinqa
e (g + k)? — e (q — k)?

PO3KpI/IBLHI/I MOﬂ}/ﬂi KOMIIVIEKCHUX YHCEJI Ta 3aCTOCYBaBIIN 3HaYCHHA CTaJIUX ¢ 1
k, ocTaTOuHO OTPUMAEMO

1
D=—,
1+¢

ot U y (/2m(E + o)
h=17 C4E(E+U0)Sm< n a)'

Il71st Toro 11100 KoedilieHT IPo30POCTi JOPIBHIOBAB OJMHUI, HEOOXiJHO BUKOHAHHSI
V2m(E + Up) n2h2 12
Gy — Uy, 1=0,1,...
ma

YMOBHI a = nl, 3BiKu B =
Axmo Ay — JaedpoilyiiBcbKa JOBXKMHA XBIUJI YaCTHHKH, TO XBUJIbOBE UILC-

2m(E + U, 21 [
Jo ky = \/ (h 0) =7 a = 5)\0. Ile oznavae, 1m0 AKIO MHUPUHA SMU
0
JIOPIBHIOE I[IJIOMY YHC/IY HAIBIOBXKHUH XBUJIb Je Bpoiijis, TO YacTUHKa IIPOXO-

JINTh siMy Oe3repernkoaHo. st poToHa NMPUKIAJIOM TaKol sIMI MOYKE CJIYTYyBaTH
eeKT «NPOCGIMATHHA ONMUKU>.

.. oL . 2m(E + U,
KoedimienT npozopocTi MiHIMaJIbHUN, SIKIIO Sin \/ ( O)a = =+1.

h

[Ipu nnboMy oTpuMyeMO Taki CIIBBIJIHOIIIEHHS:

V2m(E + Up) 1 n2h? 1\ AE(E + Uy)
—n(l+=), E= [+ =) —Uy, Duin = .
h =" ( i 2) E=oma \!Tg) (2E + Up)?

.. .. . 0
[[upuna ssMu 3 MiHIMAJIBHIM KOEMIIIEHTOM BIIOUTTS a4 = 5 (l + 5) st om-

TUKU 1€ TUPUHA TaK 3BAHOI «Y6EPMbIEUADOBOL NALEKU.
ITpukaam 8.2. HacTurka Macoio m ImaJjiae 3JiBa Ha MOTeHIIaILHUI Oap’ep

0, x<0; _ .
Enepria vactuuku E > Uy. 3Haii-
Uy, x> a.

JiTh KoeditieHTn 1npo3opocti D i BiagdbuTTst R 4acTUHKH.

Brcororo Uy (puc. 8.3): U(x) = {

Poss’sazanms. Po3ib’emo npoctip Ha JBi objacti, piBuganas Illpeminrepa
(7.1) B AKUX MATUME BUIJIsI]L

v + U, =0, Uj+ =

Uy, x<0; 2mE 2m(E — Uy)
= 2
\IJQ, T 2 0. h
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U
E
Po3B’s130K ocTaHHIX PIBHSIHDb I10JAMO Y BHIVISII Sl Bl
Uo
: : V2mE
Uy (z) = Ae™ + Be ™ | = ;in ;
, . 2m(Uy — B
Uy(z) = Ce'l" + Ge ™", q= \/ (ho ) d x>
Puc. 8.3

[li dbyskii siBsitorh coboto mwrocki xeui. Y dyuknii Wy (x) neprnit 1o/1a-
HOK OIIMCY€ XBUJIIO, IO IaJIa€ Ha Oap’ep, JPyruil — XBUJIIO, 1110 BiJIOMBAETHCs Bijl
uboro. ¥ Wo(x) mepimii j10/JaHOK OMUCY€e XBUJIsl, MO TPOiiliia Haji 6ap’epoM, a
BijtonTol XBII HeMae, Tomy G = 0.

3a JI0MOMOT0I0 'PAHNTHIX YMOB (7.2) OTPUMYEMO CITIIBBIIHOIIEHHST MiZK HEBI-

nmomumu craauvun: A+ B=C, A— B = %C , 3BiIKN Bupasumo Koedimientn A i

k+q _k:+q _k:—q
oF —C, A= oF C, B= oF C.

BacrocoBytoun o3HadeHHs (8.7), 3HaiigeMo KoedimieHTn mpo30pocTi it Bij-

B y Burnan A =

ONTT:

D = WEVE-Ty  _ — 1 2——1—2 rE
_ v s o= 44/ = 1/ N
\/EJH/E—U()’ YoV Lo Go¥ o

2
R = VE-VE-Th| _ 2——1—2,/E,/£—1
VE +E =T, Up V Uy

O6uBa KoedIilieHTH MojaHi y BULVISIIL, 3pYIHOMY JIJIsI TIOJAJIbIIOI0 aHAJIi3Y.

Y rpamndaHoMy BHIAJKY Kiacndnol Mexamiku (A — 0) koedimient Binourrs
MOBUHEH 0OepHYTHCA B HYJIb. [Ipn 1ipomy orpumanuii Bupas jis R(E) 30Bcim He
MicTuTh crasiol [lranka. Kinacuaniit rpaHuill BiJIoBigae BUIIAI0K, KON 1eOpOii-
JIBCHKA JTOBXKIHA XBIJI YaCTHHKE A = h/p MaJia MOPIBHAHO 3 XapaKTePUCTHIHI-
MU pO3MipaMu HEOJIHOPIIHOCTEl MOTeHIiaTy, TOOTO IMOPIBHSHO 3 BiJICTAHAMU, HA
SIKIX TOMITHO 3MiHIO€ThCst Tosie U(x). Y pO3IJISTHyTOMY 2K CXeMATUIHOMY IPU-
KJIaJIi I BiJCTaHb JOPIBHIOE HYJIIO, TAK IO 2PaHUMHUL Nepexrio He ModHce bymu
BUKOHAHUTL.

ITpukaam 8.3. HacTurka Macoio m maJjiae 3J1iBa Ha MOTEHIIaILHUI Oap’ep

0, z<0; _
Brcororo Uy (puc. 8.4): U(x) = Enepris wacruaku E < Uy. Snait-
U(), T = 0.
JITh ePeKTUBHY TVIMOUHY Yef POHUKHEHHS YacTUHKHY 1111 Oap’ep. O0UUCIITE Yo
I esieKTpona, sikio Uy — E=1 eB.
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Poses’sazanmsa. 3HaiijieMo po3B’si30K piBHsiHHs [lpeninrepa jijist yacTUHKH
i1 6ap’epom > 0:

2m(Uy — E
h2

_ V2m(Uy — E)

\IJH
+ 3 ,

)\If:0 = U(z) = Ae ¥ + Be®, ¢

SIKHUii y 3B's13Ky 3 oOMexkeHicTiO (DyHKINT moBuaeH matu Buriisy W(x) = Ae 4.
o . . . 9 . 2 _2 T
['yeruna iiMmoBipHOCTI IepebyBaHHsT YacTHHKHY 1111 6ap’epom w(x) = Ae™ %",
iimosipaicTh MaTn kKoopauHaty = 0 € w(0) = A2,

3a O3HAUEHHAM Yo — 2AUOUNG, Ma AKIG GMOGIPHICT Ut
nepeoysanHAs YacMuUrKY 3MEHULYEMBCA 6 € Pa3i6 NOPIEHANHO Us
3 UMOBIDHICTNIO HA 2PAHUUL:
2 ——p — - - - _E ______
w(0) A
2 —2q%ert __ _
W) = A 2o = 20 2
e e
1 h 0 x>
Xeff = = = .
2q 2\/2m(U0 —F) Puc. 8.4

st etekTpona edpekTUBHA TJIMONHA TPOHUKHEHHST CTAHOBUTH Yo = 1A.
ITpuknan 8.4. YacTtunka mMacoro m majia€ Ha MPAMOKYTHHI CUMETPUYHMI

0, x<0;
noTennianbHuit 6ap’ep mupuuoro ¢ i sucororo Uy: U(z) = ¢ Uy, x € [0;al;
0, z>a.

Busnaure koedilieHT BiIOUTTs 1 TPO30POCTi g9K (DPYHKINT eHepril yacTuHKu .

Pose’szanns. Cranionapue pisusinasg [lpeaiarepa (7.1) HeoOxinHO OKpe-
MO PO3B’sI3yBaTi B KOXKHiil 13 TphoX obJtacTeil. Y Kpaiiniii 3/1iBa 06J1acTi 3araabHui
BUTJISIJ], PO3B’SI3KY 3aIIUIIEMO TaK:

. . V2mE
U(x) .= Ae™ 4 Be e k= Tm
<

st Kpaifipol cripaBa 06J1acTi pO3B 130K 3PYUHO MOJATH Y BULJISII
\IJ(ZL’) _ eik(x—a)'

Posp’a30K y nenTpasibHiil 00/1acTi CyTTEBO 3a/1€KUTh Bijl 3Haka [ — U).
3a E < Uy (puc. 8.5) nigdap’epra 06/1acTh € KJIACHIHO HEJTOCTYITHOW. ToMmy
po3B’s130K piBHsiHHs [lpeninrepa mogamo y BUIJIsII

U(x) =Fe™ +Ge™, e y= v2m(ly - E)

0<z<a h
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Crany F zamymuTn He MOXKeMO, TOMY IO Halll Oap’ep Mae CKIHYeHHYy JOBKITHY.

3a JI01OMOr010 yMOB 3IIHBOK (7.2) OTPHMYyEMO CIIBBi/I- UX)t
HOITICHHS MiZK HEBLJIOMUME CTAJINMU: Us

A+B=F+G, A-B=(G-F)iy/k,A—B=(G—-F)g/k| E_|__
Fe'"+Ge ™™ =1, Fe'—Ge ™ =ikly.

Tpebda 3ayBaxkuTu, 110 J1J1si 00UNCIEHHs KOedIIiEHTIB HAM I10- ax
TpiOHI TLILKK 1B cTasi B: Puc. 8.5
i (y K i (v k
A=chya+-(+-——-)shya, B=—=|(-+—]shya
Y+2<k v> T 2(k+v> T

IO JIA€ 3MOTrY, 3aCTOCOBYIOUM O3HAYEHH (8.7), 3HaiiT KoedillieHTn BiAOUTTA i
IIPO30POCTI:
B (k% 4 v*)?sh?ya Do 4k>y?
Ak%y? + (k2 +v2)2sh*ya’ 4k2y2 + (k2 +v2)2sh*ya

D # 0, To6T0 Oyme maTu Miciie myneavhuts epexm. Vloro MoxKHa MOSICHUTH THM,
110 IJINOMHA IPOHUKHEHHs YacTUHKI 111/ 0ap’ep MOpIBHsIHHA 13 IINPUHOIO Oap’epa.

3a E > Uy (puc. 8.6) mijbap’epra 06/1aCTh € KJIACHIHO JOCTYITHOI, TOMY
po3B’sa30K piBasgHHA [HIpeninrepa HeoOXiTHO OpaT y BUTJIsAI

. . 2m(E — U,
U(z) = Fe™ +Ge™™" ne &= v2m( 0).
0<z<a h
[eit po3B’sI30K BIJIPI3HSIETHCSI BiJI IOIEPETHBOIO 3aMi- Ut
HOIO Y — &, ToMy KoeillieHTH BiJIOUTTS 1 TPO30POCTi MOXKEMO c
3HalTH BlJIpasy: Sl i
(k* 4 &%)%sin? Ea
R = —5)
4k2E2 + (k% 4 &2)?sin”&a
4]62{‘,2 0 a x
T4k + (k2 +£2)2sin’Ea’ Puc. 8.6

Y zarajibHomy Bunajiky R # 0, To6T0 Mae Micie wadoap ‘epne idoumma.
OjiHax 3a JesdKUX 3HaUYeHb eHepril 6ap’ep MoxKe cTaTu B3araji abCcoIOTHO MTPO30-
puM.

Ilpukaan 8.5. YacTuHKu Macow m KOXKHA PO3CIIOIOTHCsI Ha O-II0I0HOMY
norentiaiabaomy 6ap’epi: U(x) = ad(z), o > 0. BHaiigits KoedimieHT BiaOUTTS
1 mpo3opocTi K PYHKINI eHepriilt yacTuHoK F.
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Poss’azanmsa. [1ogaMo XBUJILOBY (DYHKIIIIO YaCTHHKH, 0 PYXAETHCS 3/1iBa
HalpaBo, Y TAKOMY BUIJISI:

U(z) — ™ L A(k)e ™ T(x) = B(k)e'*r, k= V2mE

> 0.
x<0 x>0 ﬁ

YMOBH 31MBOK (7.4) 33/I0BOJIBHSAIOTHCST 3 TAKUX CITIBBITHONIEHb MiyK CTAJINMIA:
1+ A(k) = B(k), ik(B(k)—14 A(k)) = 2maB(k)/R*.
Posp’szkemo 110 cucremy BimHocuo Hesimomux A(k) 1 B(k):

mo ikh?
Alk) = ikh? — mo’ B(k) = ikh? — mo’

KoedinienTn BiOUTTS i IPO30POCTI MAIOTh BULJISII

m2o? 2mEh?
= D(E) = |B(k)|? =
2mEh? + m2a?’ (E) = |B(k)] 2mEh? + m2a?’

R(E) = |A(k)[*

3BIJIKM BUJIHO, 1110 BUKOHYEThCA piBHICTL R+ D = 1, npu mpomy

mo? 2FEh?
E D(FE) ~
SER? —03a F — oo, (E)

R(E) =~ —03a E — 0.

mao?
3aBJaHHA JJI CAaMOCTilfHOrO BUKOHAHHS

0, z<0;

U(), x = 0.
SHaii1iTh HAOIMKEeH] 3HAUYeHHST KoedilieHTa BiI0NTTS YaCTUHKHI Bl Oap’epa i Ko-

1. HacTunka Macoro m najae Ha noreHniaabauii bap’ep U(z) =

editienTa Ipo30POCTi JJIsi TAKUX BUIIAIKIB:

a) JacTWHKa TpoJiiTae besnocepeiibo HaJl 6ap’epom E & Uy;

0) JacTUHKa IpOJIiTae 3HATHO BuIle 3a Oap’ep K > Uj.

2. Enextpon mae enepriio £/=10 eB. Busnaure, y cKiibKI pa3iB 3MIHUTHCH
fforo MBUAKICTH v 1 JOBXKNWHA XBWI Jie Dpoilag A y pas3i MpoxXoazKeHHs Kpi3hb
noTeHIiaabHNI Oap’ep Heckindennol mupunu sucotoio Uy=6 eB.

3. Ilporon 3 enepriero E,—1 MeB nijn 9ac npoxoazKeHHs HeCKIHYEHHO IH-
pokoro mnoreniiaabaoro bap’epa (U < E') 3minuB JoBXKuUHY XBUI Je Bpoiiist A
na 1%. O6unciith BuCcoTy norenHniagabuoro dap’epa Uy.

4. Enexrpon 3 eneprieio /=100 eB najiae na HecKiHuenHo MUPOKUiT TOTEH-
niajbHuii 6ap’ep sBucorow Uy=64 eB. Buznaure iiMOBIpHICTb TOTO, IO €JIEKTPOH
Bij1i6’eThest Bijg O6ap’epa.
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5. KoedimienT BijiouTTsd R 1pOTOHA BiJI HUI3HKOI'O IOTEHIIAJIBLHOTO Oap’epa
HecKinueHnoi mmpunn jopisaioe 2,5-107°. Busnaure, sknil BiJICOTOK CTAHOBUTD
Brcota bap’epa Uy Bij eHepril E eeKTPOHIB, 1110 1aJ1al0Th.

6. Busnaure, 3a sikoro BijHoIIeHHsI BucoTu Uj HU3BKOIO IOTEHIIAJILHOIO
Oap’epa HeCKIHYEHHOI IMUPUHK 1 eHeprii F, eJIeKTpoHa, 110 1aJa€ Ha 0ap’ep, Koe-
dimienT BigourTa R =0, 5.

7. HacTuHka Macoio m IaJia€ Ha MPAMOKYTHUI CUMETPUIHUN TTOTEHITia b

0, x<0;
uuit 6ap’ep U(x) = ¢ Uy, x € [0;a]; Hocaigite Taxi rpannyHi BUIaIKN:
0, xz>a.

a) £ — oo (baktuano E > Uy));
6) 6ap’ep masioi nposopocti (Uy — E)ma®/2h? >> 1;
) E — 0 (baxrnuno F << ma?U¢ /1%, E << Up);
r) ma?Up/h? << 1ima*E/h? < 1;
n) E=U.
8. [Mlupuna mpaMoKyTHOTO TOTeHIIHOTO Oap’epa jgopisuioe 0,2 HM, pi3HU-

os}

st enepriit Uy — E=0,5 eB. O0uuncith, y cKiJbKI pas3iB 3MIHUTHCs IMOBIpHICTD
IIPOXO/I?KEHHsI eJIeKTPOHa Kpishb Oap’ep, sIKIO pi3HuIls eHepriii 3pocte B 10 pasis.

9. Enexktpon 3 eneprieio £F=9 eB pyxaerhcd B J10JaTHOMY HAIPIMKY OCI
OX. Busnaure, 3a KOl IIUPUHU TOTEHIIAILHOIO 6ap’epa KoedillieHT PpO30pOCTi
D=0,1, aximio Bucota bap’epa Uy=10 eB.

10. ITporon i eeKTpoH TPOMIIIN OJHAKOBY HTPUCKOPIOBAJILHY PI3HUIIO T10-
renniagiBa A@=15 kB. O0unciiTh, y CKiJIbKN pasiB BiIPIZHIIOTHCA KoedilieHTHn
nposopocti D, ajd ejexkrpona i D), nporona, gxio sucora dbap’epa Uy=20 keB,
a mmpuna 0,1 mm.

11. EneKTpoH mpoXoauTh KpPi3b NPAMOKYTHUI MMOTEHIa bHUN O6ap’ep Imm-
punoio 0,5 uMm. Bucora Uy 6ap’epa Oiibina 3a eneprito E esexkrpona Ha 1%. O6-
YUCIITh KoediIieHT 1po3opocTi D, sKINo eHeprid ejekTpona craHoBuTh 100 eB.

12. HacTrHKN MaCcoI0 M KOyKHa, PO3CIIOI0THCS Ha CIUCTEMI 13 JIBOX O-IIOII0HUX
norennianpiux 6ap’epis U(x) = Q (8(z) + 8(x — a)). Busnaure, 3a sikux 3Hav1eHb
eHepriit YacTuHOK cucrema Oyjie abCcoIOTHO MPO30POIO JIJIst HUX.

13. [Insg gacTuHKKM Macoio m 3HaiiaiTh KoedimieHT npo3opocti [ Hap’epa,

IQ

3aj1aH0r0 morenIianbHo0 Kpuoo U(x) = Uy | 1 — — |. Posrusabre Bunamok

CL2
E < U,.
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9. 'apmoHiYHMIT OCITIIATOP

JIinitiHuUM 2aPMOHIYHUM OCUUASAMOPOM HAZUBAIOTH YaCTUHKY, 1110 PY-

ka2 mm2z?

Xa€ThCs B moTeHIiaabaoMmy o U(x) = 5~ = T /e M — Maca YaCTHHKIL k

— KoediieHT KBa3ipyKHbOT CHJIn; ® = 4/ k/m — BjlacHa 4acToTa OCHUIATOpa. Y

KJIACUTHOMY BHIIAJIKY TaCTHHKA OyJ1e PyXaTuCh 3a 3aKOHOM () = xg cos(ot+@p).
AMILIiTy1a T( 0JIHO3HAYHO BU3HAUEHA €HEPri€io OCIIIATOPA, TKa MOyKe HabyBaTH
Oyib-siKUX 3HaueHb B inTepBai x € (0, 00).
Y MIKpOCBITI cTallioHapHa 3a/iaua BUMarae po3s’si3ky piBHsinH« [[peninrepa
(7.1) y Burssizi
h? d? mw?z?

S Up(a) = EVp(x) (9.1)

3 rpanraHEMi ymMoBamu W (do00) = 0 BHACHIIOK (DIHITHOTO PyXYy.
BianosigHo 10 3arajbHOI TEOpil eHEepreTUYHUil CIEeKTP OCIHUJIsiTOpa Oyie
QUCKPEMHUM:

1
En:hco(n—|—§), n=0,1,... (9.2)

PiBui posramosani exsiducmanmuo (puc. 9.1) Ha Bijgcrani A OJUH BiJl OJHOTO.
Bonu TakokK HEBHPOJKEHI, TOOTO KOXKHOMY BiJIIOBiJIa€ TIJIbKKM OJIMH CTaH:

1 x T
V() =—=U7| — |, U, (2)V,(x)dr = 8,y, 9.3
@) == (1) (@)9,(x) (93
h
Je To = {/ —— — <IUpUpoJiHa» OJMHUIA JOBKUHU JIJIA OC-
mao

HUJIATOPA, sKa J03BOJIAE CYTTEBO CIPOCTUTH MaTeMaTHUd-
HUI BUTJISAJT IEPEXOJIOM JI0 O0€3PO3MIPpHUX BEJTUYNH;

osc o 1 —¢2/2
e H,(§) = (—1)”e§25—; (e§2), n=0,1,... — nosinoMn 0

Yebuwosa — Epmima. Puc. 9.1

Eneprist KBaHTOBOIO OCHMJISITOPA Ha, BiIMIHY BiJI KJIACHIHOIO 3aJI€2KUTH Bl
JaCcTOTH, & He BiJl aMILIITY/IU, K& B KBAHTOBI Teopil B3araJsi He Bu3Hadena. Oc-
HOBHUIT CTAH OCIIMJISITOPA Mae HeHYJIboBY eHeprito £y = hw/2. Ile Tak 3Bana enep-
214 HYALOBUL Koausansb. HasBHICTL HYJILOBUX KOJIMBAHb HE CylIePEYUTh IIPUHITUILY
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HEBU3HAYCHOCTEHl, 110 HE JI03BOJISIE YACTUHII OIYCTUTUCA Ha «JIHO». OCHOBHOMY

1
\/ ZUO\/E

OckiIbKE B IIpoIeci BiJIajIeHHs BiJl IIOJIOXKEHHsSI PIBHOBAI'M IIOTEHIIIAJIbHA

. . . _ 2 2
crany Bijnosijae xuiboBa dyukiis Wo(xr) = e v /20,

eHepriss MOHOTOHHO HEIIEPEPBHO 3POCTAE, XBUJIBOBI (PYHKIIIT OY/IyTh HEHYITHOBUMU
il y KJIACMIHO HEJIOCTYIIHIM 00/1aCTi, MO 3yMOBUTH HEHY/IHOBE 3HAUEHHs I'yCTUHU
fiMoBipHOCTI B Iiil 0Os1acTi.

Bsegemo oneparop @ i epMiTOBO-CIpsIZKeHni foMy oneparop a' sk

. 1 x D N 1 T D
i=— = +il , at=-— Ly : (9.5)
V2 \zo  po V2 \ g Do
Je po = Vmho Mae 3MicT MaKCUMaJILHOIO 3HAUYCHHH IMITYJILCY JIJIs CTaHy 3 eHep-

rieto ho/2 y kiacudsiit 3a7a4di #a rapmonitauit ocrmsarop. 1i oneparopu we €
epMITOBUMU, aJjie BIIIpal0Th BayKJIMBY pOJIb Y KBaAHTOBII MexaHill i KBAHTOBII
enekTpoauHamini. /lig mux oreparTopiB Ha BjacHi (PYHKIT TapMOHIYHOTO OCITU-
asgropa (9.3) Takoxk Oyje BIacHOW (DYHKINEI OCHUIATOPa, aje BimoBigHa iMm
eHeprisg OyJze Ha h Oijblina ado MeHIIA:

A, =vn+ 10,,,, av, =+nV, i, (9.6)

TOMY OIIEPATOP @' OTpUMAB HA3BY ONEPAINOpa HAPOOHCEHHS, & OLEPATOP a —
onepamopa 3HuweHHs KBaHTiB. Po3riisineMo jeski XapakTepHi TPUKJIaIu.

ITpuxkaam 9.1. XBuiboBa QyHKIIST OCHOBHOI'O CTaHy JIjIst YaCTUHKH, 1110 PY-
XaeThCs 1111 BILIMBOM KBasinpyskuoi cumm, Mae surisy Wo(r) = Aexp(—olz?/2),
ne o = /mk/h?; m — maca dactunku; k — KoediieHT KBasinpyzkuoi cuj. O6-
YUCITH JJIsT JTAHOTO CTAaHy HMOBIPHICTD 3HAXOMKEHHST JACTUHKI 11032 MEXKaMII,
JIO3BOJIEHUMI KJIACHIHOK MEXaHIKOIO.

Poss’sazanma. Jana xsuiboBa QpyHKIlg HE € HOPMOBAHOIO, TOMY HMOBIpP-
HICTh 3HAXOJIZKEHHSI YACTUHKHU 11038 MEKAMU (—Tmax, Tmax) (PUC. 9.2), 103BOJIE-
HUMU KJIACUYHOIO MEXAHIKOIO, JIOPIBHIOE BIIHOIIEHHIO

—Zmax oo oo o0
r r
J U2dx + J Ulde 2 e~ %7 g 6_§2d§
J J
—00 Tmax Tmax E.>Inax
W: o0 - [e%e] - [e%e] )
r r
pr?dx 2| e " dy e % de
e 0 0

e & = o 1 Enax = Olmax-
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B ocroBHOMY craHi eneprist ociimisitopa € ho/2. Ta-
KM 9UHOM, Y TOUIl MaKCUMAaJIHLHOTO BIXUIEHHS Lyyax OC-
JIATOPA BiJI 1MOJIOYKEHHS PIBHOBAru HOro moreHIiajbHa
eHepris JIOPIBHIOE eHepril OCHOBHOI'O CTaHY:

ho kx?nax hw 4 mw? -Xmax Q Xmax X
T Ty T TS S =

Puc. 9.2
s B1acHol 4acToTH KOJIMBAHb FAPMOHIYHOT'O OCHIIATOPA BUKOHYETHCS CITIBBIJI-

Homennsa ©> = k/m, Tomy Epay = 1.
BacrocoBytoun inTerpas Ilyaccona, IMOBIpHICTh 3alUIIEMO Y BULJISIII

00 00 1
"
e ¥ de J‘e‘@zdi-—([e‘@2d§ .
J = 0,843
Ww=L =0 0 ~ 2 0,049,
" —_
e ¥ de J‘e‘ﬁgdé 2
0 0

Y pesyibrari IMOBIPHICTb 3HAXOJXKEHHS B KJIACUYHO HEJIOCTYIIHIN obJiactTi st
JaHoro crany jopistioe 4,9%.

ITpuknam 9.2. 3HailiTh MOXK/IMBI 3HAYEHHST €HEPTil KBAHTOBOT'O I'apMOHIY-
HOT'O OCITUJISITOPa 3 YacTOTOI0 M, IO IepedyBae B CTaHi, sIKUif OMICYE XBUIHOBA

. 2.2

dbyuxiis W(x) = Be ",

Pose’szanns. Posp’'si3ok pisasunst peninrepa (9.1) mjist rapMoHigHOTO
OCIIIJIATOPA 3 YaCTOTOIO0 ® JIACTh 3HAUEHHA eHepril ociuidaTopa F:
1 W2 d*V(z) mo’s? 2h%atz?  R2a?  mo’a?

E=—-
U 2m d$2+ 2 m erjL 2

OckiJIbKI eHepriss He MOyKe 3aJjieyKaTu BiJl KOOpJIMHATH, JIOJAHKM, IO MIiCTATH
KOOPJ/IMHATY, B CyM1 ITOBUHHI JIOPIBHIOBATH HYJIIO:

2h%a'r?  mo’z? L2l e
m 2 2h

. . . h*a®  R*mo  ho
Toni orpumyemo BigoBiIb: F = — = ——— = —.
m m 2h 2 L
IMpuknaan 9.3. O0uucIiTL cepejne 3HAUYECHHST KBaJpara KoopauHaTu T2 i

cepeHIO oTeHIiaIbHy eHepriio U oIHOBUMIPHOTO TaPMOHIYHOTO OCIIIIATOPA, IO
nepedyBa€e Ha N—MY €HepreTHIHOMY PiBHI.
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Poszs’sazanmsa. Cepenne 3Ha9eHHS KBajpaTa KOOPJIUMHATH OOYUCIIMO 3a
osHauentsiM (3.1). XBujboBy QYHKIIO N—T0 CTaHy MOJAMO Y BUIJIsII

_ )2 R _ ]
\Pn(C) Che Hn(g)a ne C, \/_271 '; C= 07 "o

Toni cepenne 3HAUEHHST KOOPAUHATH MAE BUIJISIT

. B 3/2 , 9 A 3/2 ,
—6 () [@(crm@) a=ip () et mon

mao

n €2 d
agr

Baminusim ojud 3 nosinomis H, (L) = (—1)"e <€_C2> i mpoiHTerpyBaBIIn

— A2 [ _pd
ocranniii Bupas, orpumaemo 2 = |C, | (%) J ¢ dcn {Hn(C)C2} dg.

[Toxizani BiJ MOJIHOMIB OJAMO Y TAKOMY BHUIJIAII:

d" dn n+2 n (TL + 2)
_ — ~ |
3a J0II0MOI0I0 peKypeHTHOI hopMyJ/In /s KoedilieHTiB a) 3Hal1eMo, 110
n(n—1
a, = 2", ap_9 = —ang. [ligcTaBiisgroun noxXigHy B iIHTErpaJl, OJep:KyEMO

4

3/2 —
2 ’Cn|2 (i) JG—CQ (2”MC2 — n'2nw> dg,
. 2l 4

KM 3a JoIoMOrolo iHTerpaJa Ilyaccona mepeTBoproeThest 10 TaKOTO BUIVISIILY:
o BN mt2lE (- 1) h 1

= |C,| on W TAENVE g T )y = 2 (k2.

mo 21 2 4 mao 2

CepeiHIO TIOTEHIIAIbHY €HePrilo 00UNC/IIMO, 3aCTOCOBYIOUN OTPUMAHNIT BU-
e pe3yabTarT:

"3

Posp’sa3anus 11i€l 3aj1ad9i MOXKHA MaKCUMaJIbHO CIIPOCTUTH, 3aCTOCYBaBIIH

mo’z2  mo? h 1 E,
g n _—
2 2 mo

meopemy npo eipian: Axuo nomenyiarvra enepeia mae uenad U(r) = Uyr™
mo 8 J0BIALHOMY CMAULOHAPHOMY CMAHL OAL CEPEOHIT KIHEMUYHOL Ma NOmeH-
utanv1ol enepeit suxonyemuves cnissidnowenns 21T = NU.
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Hng octiungaropa — T'=U = = m’z2. 3a BU3HAUCHHIM CTAI[OHAD-

2
. 1 2 2 _ . . 9 .
HUX CTaHIB 2——|—§m0) x* = how | n+ = |. Ilicasa cuiibHOro po3B’si3aHHsT OCTAHHIX
m

DN | —
~— 3

— 1
JIBOX PiBHSHD OJIeprKyeMo 12 = T (n + 5) .

ITpuknan 9.4. Ilogaitre ormeparop ['amibTOHA TAPMOHITHOTO OCIIUISITOPA
Jepes orepaTopy HAPOKEHHs 1 3HUIIECHHS.

Poseg’sazanns. Sacrocyemo oznadentst (9.5) i ymoBy xgpg = h. Posrustaemo
_|_

J00yTOK 4™ a:

1/ D T D 1 /(2> p* . A
a+a:—(——z—> <—+z—>:—<—+—+zh rp —px) | .
2\zo po) \To Do 2\ 2} p} ( )

Ockisibku p — pr = [z, p| = ih, MOxKeMO 3amucaTu

R 1 2,..2 ~2 1 . R 1
a+a:_(mwx 4+ 2 )—— = H:hm(a+a+§>.

ho 2 2m 2

AHaJIOrYHO MOXKeMO 3alncaT oneparop l'aMijbroHa B IHITOMY BUIJISIII:

1 [(me?z? PP 1 ~ 1
aa b < 5 + Qm) + 5 o | aa 5

SaBaaHHS JJISI CAMOCTIMHOIO BUKOHAHHS

1. IlepeBipTe cHiBBiIHOIIEHHST HEBU3HAYCHOCTEH /1T KOOPIMHATH I IMITYJ/Tb-
Cy y BUIIQJKY OJHOBUMIPHOT'O JIIHITHOINO TapMOHIYHOI'O OCIIISTOPA. 3a JOIOMO-
I'ol0 IIUX CHIBBIIHOIIEHb BU3HAUTE €HEPril0 OCHOBHOI'O CTaHY OCIIUJISTOPA.

moy 1/4 me L

2. Buxojgan 3 Toro, mo Wy(z) = <E> exp (—Z—hx >, 3HANIITh XBU-
JIbOBY (DYHKIIIIO IEPIIOro 30Y/2KEHOT0 CTaHy MapMOHIYHOIO OCIMIATOPA.

3. T'apMoHiYHMIT OCHUIATOP 3HAXOAUTLCS B MEPIIOMY 30Y/I2KEHOMY CTaHi.
O6unc/iTh cepeHio noTeHmianbay U 1 cepeiHio Kinetnuny 1’ eHepriio Mboro oc-
U TOPA.

4. 3Hall1iTh eHePreTUIHNIT CIIEKTP 1 XBUJIbOBI (DYHKIIIT cTallioHAPHUX CTAHIB
. 00, x < 0;
qactuakn B oy U(z) = -

mo-x*/2, x> 0.

5. Hexait xBujiboBa pyHKITISI TAPMOHIYHOTO OCIIIIATOPa B MOMEHT ¢t = () Mae
sursg &(x,0) = (Bo(z) + 2i®1(x)) /V5, ne Do(z), ®1(z) — HOPMOBAHI XBUITHO-
Bl (DYHKIIT cTAIlOHAPHIX CTaHIB ociuisitopa. SHai iTh ®(x,t > 0). O6uucaiTh
CepeJIHIO eHeprito ocrugTopa. 3HailiTs imosiprocti W (Ey), W (Ey) Toro, 1o
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ocIIATOp Mae eHeprito Fy, Fq. Busnaure cepejiie 3HaUCHHST KOOPJANHATH OCIIH-

ssitopa x(t).
6. Snaiigith |®(z,t > 0)|?, aximo xBuIbOBa PYHKIIIA rAPMOHIYHOIO OCIIJIsI-
me(z — x¢)?

2h

7. Maca ocumisitopa m, 9acToTa ®, 3apsaj €. Ha ocmuirgarop Jie mocriiine

topa B MomeHT t = 0 mae Burisit @(x,0) = exp | —

OJIHOPIJ/IHE eJIEKTPUIHE T10JIe HAIIPY?KEHOCTI €, crpsiMoBane B310B2K oci OX. 3Haii-
JITh eHepril cTalioHapHUX CTaHIB 1 BIAIOBIIHI 1M XBUJIBOBI (DYHKIIII.

8. BHaitiTh piBHI eHepril i XBUIbOBI (DYHKIIT CTAIlOHAPHIX CTAHIB YaCTUHKI
Macolo m, mo pyxaerhea B o Uz, y) = m(oxz® + oyy?)/2 v Bumajxy, Kojm
BIJIHOIIEHHST W /®y HEe € parioHasbHe 9ucjo. PO3risHbTe TaKoK BUITAQJIOK, KOJIH
Oy /0y — palioHaJbHE THCJI0, 30KpeMa BHIA0K KOJIOBOIO OCIIJISITOPA: ®y =
0y = 0.

9. 3HaliiTh piBHI €HepTil 1 XBUJIBOBI (DYHKIIT CTalllOHAPHUX CTaHIB YaCTUHKH

: me’ 5
Macoio m, 1o pyxaerbest B o Uz, y) = T( + y°) + oy, 3a ymMoBH

la| < mo?.

10. BmuaitgiTs piBHi eHeprii i XBuIbOBI (DYHKINI CTAIlOHAPHUX CTAaHIB TPHU-
BUMipHOro rapmoniutoro ocuuistropa U(z,y,z) = m (ejz” + o3y° + w32%) /2.
Posryigabre BUIa1oK i30TPOIHOTO OCITUIATOPA.

11. /IBi yacTUHKE MacaMu 1M 1 Mo, MO PyXaloThCs OJHOBUMIPHO, 3’€/IHaHI
IPY2KIHOIO TBEPJIOCTI K. SHANIITH €Hepril cTallioHapHUX CTAHIB TAKOl CUCTEMH Ta
BIJIIIOBIJIHI TM XBUJIBOBI (DYHKIIII.

12. O6umciTh KOMyTaTOpH {[T] : (6*)”} i [PAI : (a)”} raMiJIbTOHIaHa 3 orepa-
TOpaMM HapOJXKEHHH 1 3HUIEHHsT KBaHTa eHepril rapMOHIYHOIO OCHIIATOPA.

13. Jlyist XBuIb0BUX PYHKIIIN OJHOBUMIPHOIO OCHMIJISTOPA JOBEIITH PIBHOCTI
(9.6).

14. 3a JI01IOMOI0I0 OIepaTopiB a

i @ 30 ITH 3HAYEHHS eHepril 1 HopMoBaHi
BJIaCH] (PYHKIIIT rapMOHITHOI'O OCIUJISITOPA.

10. Pyx y nmeHTpaJjJbHO-CUMETPUYHOMY IOJIi.

Boanenonioumii aTom

[Ti 9ac pyxy 9acTUHKH Macoio M y IMeHTPAJIbHO-CUMETPUIHOMY TOJIi, KOJIH
IoTeHIlajbHa eHepris 3aJeKUTh TIALKNA B1JI BlJICTaHl JIO CUJIOBOTO IIeHTpa 1 1 He
3aJIE2KUTh BiJl HAPAMKY paJjilyc-BeKTopa T, cTanionapue pisusgaus [llpeminrepa
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(5.9) gepes cepudny CHMETPIIO MOTEHINATY 3PYIHO PO3B’SI3YBATH Y BULJISII

h? h?
—%AT\P(T, 97 (P) - %A9,¢\Ij(r7 97 (P) + U(?“)\If(?“, 97 (P) - E\Il(’)“7 97 (P), (101)

A 10 (5,0 . A 1 0 (. 0 0 . 1 0? :
e = —-— |r"—| i = ——— (sin6— — — paJiajbHa
AC S = 2y or % 7 Sinede 00 sin? 6 0?2 pad

1 KyToBa udacTuHE oneparopa Jlammaca A, g, y cdepuuniit cucremi KoopauHaT

BiIOBITHO. ['aMiibTOHIaH TaKOl CUCTEMN MOYKEMO IOJIAaTH Y BUTJIS/II

- p
H=-" U 10.2
2m + 2mir? +U), (10.2)
~ . a 1 . ~2 2 . . "
ne p, = —ih o +—-] 1L = —h"Agy — omeparopu padiarvroi ckaadocoi
roor

IMNYALCY Ta keadpama opoimanvro2o momenwmy. Ilepini nBa JomaHkud y BUpasi
(10.2) — onepamop kinemuunoi enepeii. CucreMa, o OMMUCAHA UM TaMiTBTOHIA-
HOM, MOKe TIepedyBaTH B CTaHaX 13 IIEBHOIO eHeprieio £/, IeBHIM 3HaYCHHSIM KBa/I-
paTa opOITaJIbHOIO MOMEHTY L? i neBHEM 3HAYECHHSIM MIPOEKITl MOMEHTY Ha BHIi-

~

JIeHuil HapsiIMOK L, (Lz = —iha—) XBWIBOBI (PYHKIIIT X CTAHIB BOJIHOYAC €

BJIaCHI (PYHKIIIT BCIX TPHOX OIEpaTOpiB.
. v . .2~ .
Buiiacui ¢yHKIIT 1 BiacHi 3HaveHHd oneparopiB L 1 L, MOXKyTb OyTHu 3Hali-

JleHl 3 PO3B 3Ky PIBHAHDb Ha OJUHUYHIN cdepi:

~92 9 ~
LU, ¢)=r(+1), 1=01,2... L.U(®,¢)=hm, m=0+1+2,...

BiacHumu byHKIISIME X OIIEPaTOpiB € chepuuri hyrruii:

M&@=WMW”¢MLUZ+$&

| .
;Pl|m|(cos 0)e"? (10.3)

BUpayKeHi, y CBOIO 4epry, depes npuednani nosimomu Jleorcandpa:

AIE) = (1 g

1l dl+|m|
= ﬁ 2

d§l+|m|

(& -1)"

~2 ~

CrexTpu BylacHUX 3HadeHb omneparopiB L 1 L, 3ajexarb Bijl opbimasbHo20

KB8AHMOBO20 “HUCAAQ | Ta MAZHIMHO20 KE8AHMOB020 YUCAA M.
«ITigBuiyBaibHIil» (3HAYEHHS TPOEKIIIT MOMEHTY Ha BiCh 2) E+ 1 «3HUKY-

BasIbHMI> L OIlepaTOPU BU3HAYAIOTH fK OllepaTOpH, 110 JII0Th 3a IPaBUIOM

LW (0,0) = B/I(1+ 1) —m? F m¥y,,.1(0, ), (10.4)
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SIBHUI BUTJISL] TKUX Yy cpepudHiil crucTeMi KOOPMHAT TaKMii:

~ o~ ; 0 . 0
Ly =L, +il, = he™ <:I:% + i ctg 98_(p> : (10.5)

Bracaumu dyskiisyvu octanHix € Takox dynkiii (10.3).
Poss’si30k piBusinas [pesinrepa (10.1) 3 ramisbronianom (10.2) moxkemo
3allUCcaT y BUTJIS]

\I/(I') = leElm(Tv 67 (P) = (I)El<r) : }/lm(e; (P), (106)
ne ®pi(r) — pamianbha XBuiboBa (BYHKIIis, IKY BU3HAYAE BUIJISII MOTEHIIATLHOT
eneprii U(r). Iligcrasisioan Bupas (10.6) B pisastans (10.1) misa dyukiiit @ g (r)
OJICPZKYEMO

nod (7”26%) i (r) + (U (r) + M) Opi(r) = E®p(r)  (10.7)

Comr2dr 2mr?

(e.¢]

3 TPAHUIHOIO YMOBOIO P (1)

— 0 Ta HOpMYyBaHHSIM J 2, (r)ridr = 1.
r—00
0

1
Haiiuacrime ®gy(r) nopators y surisiii ®pg(r) = —Rg(r), 1o obymoBiioe
r

exkBiBasienTHy dopmy pisasias (10.7):

W R2(1 + 1)

o get0) + (00 + 55 Ro) = BRu) (109

3 gogarkosumu ymosamu Rp(0) = 0, Rg(r) — 01 JR%EZ(T)dr = 1. lle

r—00

0
PIBHSIHHSI Ha3UBAIOTH padiasvrum pieHanHim [llpedineepa. 3a cBOEIO CTPYKTY-
poro (10.8) 36iracThest 3 opnoBumipauM pisasinasim [pemiarepa (7.1) 3 moremia-

R+ 1)

aoMm Usg(r) = U(r) + ——=
eff(") () Sy _ |
KJIACHMYHOI JI03BOJISIE B IIEHTPAJIbHOMY I10JIi 3BECTH TPUBUMIPHY 3a/1a9y JIO OJIHO-

R+ 1)

2
mr
[Ipesainrepa 3’saBisteTbest it HeBit emuuii mapamerp [. Ockiibku 3a dikcoBa-

. Takum 4MHOM, KBaAHTOBa MEXaHIKa II0JI0HO JI0

BUMIPHOI JIOJIaBaHHAM JIOIEHTPOBOIO JOJaHKa . I[Ipu bomy B piBHAHHI
HOT'O [ MarHiTHe KBAHTOBE YMCJIO M MoyKe HaOyBaTu 3Hadenns m = 0, +1,..., +(
(Becvoro (21+41) 3HaderHs), KOXKeH CTAIIOHAPHIIT CTaH 3 eBHUM 3HAYEHHSIM [ Oy1e
20 + 1-xpamno supodotcenum. CraHu, 110 BiANOBIIAIOTH PI3HUM 3HAUEHHSIM [, 110-
3HAYAIOTH CIEKTPOCKOIIHIME cuMBosiaMu «s» (I = 0), «p» (I =1), «d» (I = 2),
«f» (I =3) 1 gani B andaBiTHOMY HOPSIJIKY.
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[Tij1 uac pyxy 3apsizKeHOT YaCTHHKHI B KYJIOHIBCbKOMY T10J11 (600Hen0016HUl

VA 2
amom) U(r) = bl crarionapue pisastans [peniarepa (10.1) HabyBae BUTIIsi-
r
Yy ) )
h Z
[_2_v2 o ‘ ] llj(rra 0, (P) - E\D(Ta ea(P)v (109>
mn T

Jie T W po3yMiloTh 36edeny macy; © — BIJHOCHY BijicTtanb, E — eHepriio Bij-
HOCHOTO PyXy.

Ha puc. 10.1 HaBejeHo Buriis e(peKTUBHOTO MOTEHIIAIY PaJiiajlbHOIO PiB-
usnast [pesinrepa (10.8) y KysoniBcbkoMy ot Tsikinus. 3a £ < 0 pyx dinir-
HUIT, TOMY III0 €JIeKTPOH 11epe0yBa€ B «IIOTEHIaJbHIl sIMi», YTBOPEHiil 3pocTaJib-
HUM KYJIOHIBCBKUM IOTEHIIIAJIOM 1 KBaJIpATUUHO CIIa/IHUM JIOIEHTPOBUM BLIIIITOBXY-
BAHHSIM.

dxmmo poss’stzok piBasaas (10.9) mykaru y surisyi (10.6), 3minai posi-
JIAIOTHCS 1 MU OJIEPXKYEMO TaKi BJIaCHI HOPMOBaHI (DYHKIIII:

271\ 7 YA
Ppy(r) = N <n—r> exp (——T) 1 Fy (—n +1+1,20+2, —r> . (10.10)

on) nag naog

a TaKOXK BJIACHI 3HAYEHHS €Hepril:

Z%e?
E,=— , 10.11
" 2n2ag ( )
e ag — nepwull bopiscorutl padiyc (st eeKTpoHa

ag = 0,529A):;

27r\° 1 (n+1)!
Pt = (nao) (2l+1)!\/2n(nl1)!

— HOpMYBaJIbHUIT MHOXKHUK; 1F] — 6upodocena 2inep-

2eoMeMPUYHA (PYHKUYIA, BUPAXKeHa depes noainomu Jla- Puc. 10.1
2eppa L,(f)(&):

27 ['20+ 2 27
F(enrerore0 220 2 L2F2) L (25,
nag 'n+l+1) " nag

sIKi, Y CBOIO 4Uepry, BupazkeHi aepes3 gopmyay Podpiea:
d?’l

1
L;@B)(a) _ m&—ﬁeﬁd_én (§k+ﬁe—§) .
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[Tapamerp n = 1,2, ... Ma€ HA3BY 20408H020 KBAHMOB020 YUCAG. 3a (DIKCOBaA~
Horo n uncjio [ nadysae 3navens [ = 0,1,2. .., n—1. Takum 9uHOM, KPaTHICTH BU-
pokenns pisHs jopismioe n2. Crextp (10.11) iHoxi HasuBaroTh Pidbep2iccorUM.
KisibkicTh floro piBHIB HecKiHUeHHA. Po3riigHeMo Jiesdki XapaKTepHi MPUKJIa/Ii.

IIpukaan 10.1. VY crani ¥y, i3 1eBHEM MOMEHTOM [ i 100 IIPOEKIIIEIO M
Ha 2 3HAWITD Ly, L_y, m, L_?c, L_z

Poss’sazannsa. CrodaTky 3HaiijeMo cepejiHe 3HaYeHHs orepaTopa L

2;:Jm%@fmgmmwﬂzh¢m+1ywﬁ—w4®%%mﬂ=&

Jle BpaxoBaHO OPTOTOHAJILHICTH BjiacHUX (PYHKIIIH ornepaTopa L., sKi BiAIOBi1a-
I0Tb PI3HUM BJIaCHUM 3HaueHHAM. 3Bigku L, + ¢L, = 0, 1110 jae 3MOry 3amnucaTi
L, = L, = 0. Oneparop L%r I0JIAMO Y BUTJISII

I2 = (B +iL,)? = 12— 2 +i(EuL, + L, L)

OueBuiHO, 110 Li = 0, e Jlae 3MOry 3alucaTn

[2-12=0 = [2=12, L,L,+L,L,=0 = L,L,=-L,L,.

Bpaxosyioun komyTariiine criBsijgnomenns | L, Ly] = ihL,, orpuMyemMo

S - a— 1
L.L,— L,L, = ilim = LxLy::—Lny::—ﬂéf.

~2 ~ ~ ~
BaBJIIK1 SIBHOMY BUILJIs Ty oniepaTopa L = L2+ Lg + L? MozKeMo oTpuMaTH

~2

cuiignomennst L — L2 = L3 + L7 = RA(L+1) — h*m? = L2+ Lz, a 3a
JIOTIOMOT'0OI0 HbOT'O — CePEJIH] 3HAUYEHHs KBa/JIpaTiB IPOEKIIiii MOMEHTY:

7o - " 2
r y_E(( + )—m)

IIpukiaan 10.2. Maemo 1Bl c1abKoB3a€MOIii04l cucTeMu 11 2, cTaHn TKUX
XapakTepu3yoTh KBaHTOBIUMHI dncaamit (I1,m1) 1 (I3, ma). YKaKIiTh MOXK/IUBI 3HA-
YeHHsI IIOBHOro MoMeHTY L cykymHoi cucremu. OmnepaTop CyMapHOIO MOMEHTY
=~ o1 2@ 1), ~(2)

L=L +L L "iL ~ — omeparopu MOMEHTIB JIBOX cCTeM. TaKoyK 00UNCIIThH
cepenni snavenns L 1 L? y nanomy crami.
Pozg’azamrms. /1Bl cucreMu Ha3BeMO CAGOK083AEMOIOUUMU, TKITO BUKO-
=1) =(2)

HYETbCs CIIIBBLJIHONICHH S [Li , L; ] = 0.
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Ba o3HAUEHHsIM KBAHTOBI unc/a cucremu (14-2) HabyBalOTh TAKMX 3HAUEHD:
M =mi+my, |li—bL/<L<(i+h), |[M[<L,
3BIJIKM MOK/IMBI 3HAYEHHST MOMEHTY L CYKyIHOI CHCTeMU 33/I0BOJIbHAIOTH YMOBY
max {|l; — lo|, |m1 + ma|} < L < (I3 + o).

3acTocoByr0oUn po3B’sa3ku MpukJ/. 10.1, oTpuMyeMo IIyKaHi cepejiHs 3HaueH-
uda: L, = L, =0, L, = my + mg, a Takox

L2=0" 4 L% 2B = R+ 1) + bl + 1)] + 2mame.

IMpukias 10.3. Hexait U3 _1(0,¢) = Ae (5cos’6 — 1)sin® — 3ajana
XBUJIbOBa QyHKIid. SHailAiTh HopMoBany dyHKIio W3 _o.
Poss’sazanms. CriodaTky TpOHOPMYEMO 3aJIaHy (PYHKIIIO:

2n P
16
J J\Pa_l%,_l sin 0d0de = 2nA? J(5 cos?® — 1)%sin® 6de = 2—1TEA2 =1,
00 0
21 _, 5 _
1o Jrae 3mory satmcarn Vs (0, 9) = ﬁe ?(5cos*® — 1) sin 0.
T

BacrocoBytoun ozHadenus (10.4), maemo Z_\Ifg,’_l = hv10¥3 5. 3a jomo-
moroio (10.5) sHaiiemo pesynbrar il oneparopa L_ Ha 3ajany QYHKIIIO:

~ ‘ 0 0 /21 :
L_ W3 1 =he " (—% + 1 ctg 98_(p> Vs 1 =10h 16—7[6722([) cos 0 sin? 6.

Taxum guHOM, IIyKaHa HOPMOBaHa (PYHKINS Mae TaKUil BUIJIS;

105
W3 _2(0,0) = —4/ 32—ne*2“" cos O sin” 0.

ITpuknanx 10.4. 3HaiiaiTh eHepreTUIHUN CIIEKTP 1 XBUJIbOBI (DYHKIIIT 15T
IIPOCTOPOBOIO POTATOPa 3 MOMEHTOM iHepIlil 1.

Poss’azanms. PoraTop sBiisie co00I0 YaCTUHKY, 110 PYXaEThCs 110 cdepi 3a-
JlaHoro pajiyca r = a = const. [Ipukiaagom poraTopa MoXKe CIy?KATH JBOATOMHA
MoJieKy/1a. MoMeHT iHepmil Takoi MoJieKy/n JopiBHIoe I = pa’ (L — 3BesieHa Maca
MOJIEKYJIH ), a i1 eHeprisi B cucTeMi MEeHTpa Mac — eHepris obGepTaHHsT MOJIEKYJIH.
Porarop mae TiibKK JBI 00epTalibHI cTeleHi cBOOOIM, K 3PYUHO XapaKTepu3y-
BaTu KyTtamu 0 i @ cdepudHol cucreMu KoopauHatT. Pyx poraropa BiJIbHUIL, TOMY
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raMiJIbTOHIaH MOOY/IYEMO 3a aHAJIOTIEI0 3 TaMLJIbTOHIAHOM BILJIBHOT'O MTOCTYIAJIbHO-
~2

ro pyxy i3 3aminoro p Ha L i macu @ — Ha [: H= o7 Toni cramionapHe piBHAHHS

~2
Ipeniarepa miist poratopa Hadbysae Buraary L W (0, ¢) = 21 EV (6, ). Bomo siB-
~2
JIsie cOOOTO PIBHSIHHS JIJIsT BJJaCHUX (DYHKIIN 1 BJIaCHUX 3HaYeHb onepaTopa L, gxi
HaM BlJIOMI:

21E; = RAI(14+ 1), Vpu,(0,0) = Y(0,9), 1=0,1,..., m=0,%1,..., %+l
2

TakuM 9UHOM, KOXKHOMY eHepreTHaHoMY piBHIO poratopa Fp = —I(l + 1)

BiIIOBI1al0Th cTanu, Bu3HadeHi ceprannmu Gyukmisvu (10.3) (6asuc poraro-
pa). Koxen enepreruanuii pierb F; BupojpKennii i3 kparaictio 20+ 1. OcHoBHui
crai (I = 0) € HEBUPOJKEHUA.

ITpukaam 10.5. XBuaboBa pyHKIIis, [0 OIMMUCYE CTAH POTATOPA, Ma€ BUTJIS]
U = B(2sin0sin @ + 3i). Busnaure crany nopmysanus B, senmaunn L, L2 i E,
Kl MOYXKYTH OyTH 3HaIeH] B eKCIIepUMeHTI, IMOBIPHOCTI 1X MOSBU, a TaKOXK Ce-
peanl 3HaYeHHs.

. . =2
Poss’sazannsa. Pozsunemo Hairy GyHKINIO 3a BjacHUME QyHKIIIMEI L

[ [’n [3 1. e 1 1
U o= B|2{ /) Zsin0—e® — /0 [ 2 sino—e® | + 3iv/in— | =
( 3V 8r o 3V sn 0o >+ ' 7t\/zuc]
BE 8
— B —z'\/?nYLl +i\/§nY1,_1 + 3iv/AnY),

3acTOoCOBYIOUN OPTOHOPMOBAHICTL chepuaHNX (QPYHKIIN, 3alUIIEeMO YMOBY HOP-

8 8 [ 3
MyBaHHS y Bursyy B2 [ T + —n + 3671:] =1, 3Biku B = 124 , & HOpMOBaHa

dyukuisg mae Burian ¥ = — \/ Y11—|—2\/ Y1_1—|—32\/ Ybo

Habip BiacHux yHKIIII, Sa SAKIMUI MO}KJII/IBG pOSBI/IHeHHH dyskmil ¥, mi-

CTHUTD Ti 3Ha4YeHHs BemanH L., L? i F, aKi MoxKyTb OyTH 3HaiiIeHi B eKCIIepIMeH-
Ti. Ii BestmunHm sIBJIsIIOTH COOOIO BJIACHI 3HAUEHHS OIIEPATOPIB, IO BiAIOBIIAIOThH
TUM BJIACHUM (PYHKINSIM, 9Ki BXOJATh 10 MyHKIIT W. 3HaYeHHS IUX BEJIUYUH Y
PI3HUX MOKJIMBUX CTalllOHAPHUX CTaHaX TakKi:

=0, m=0 = L,=0, L>=0, E=0;
=1, m=1 = L.,=h, L*=20% E="h/I;
=1, m=-1 = L,=—h, L>=20* E =1/l
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VImoBipHOCTI BUSIBJIEHHS B eKCIIepUMeHTI Tiel abo 1HIINOI BeJIMYNHNA BI3HAYA-
I0ThCA KBaJIpaTaMi MOJYJIIB KOeiIi€HTIB PO3BUHEHD 3& BJIACHUMEU (DYHKITISIMI.
SHa4YM 3HAYEeHHSI BEJIMYINH 1 X HMOBIPHOCTI, 3HAIEMO cepeHi 3HAUeHHSI:

L,=—=hW —_p+ Wi —p +0W -0 =0,

_ 8h? —  h2 4h?
L? = QHQW(L2:%2) + OW(L2:()) = ﬁ, E = TW(E:W/I) =+ OW(E:O) — 17

31I°
ITpukaam 10.6. 3uaii1iTh XBUJIBOBY (DYHKIIIIO BIILHOI YACTUHKHU B S-CTaHi.
Pose’sazanns. Pisusung (10.8) mag sinpuoi wactuaku (U = 0) B s-crani
(I = 0) mae Bursiz

d? 2mE
S (r®(r) + K (re(r) =0, ae K = 7;;2 .
Voro posp’ssox mogamo y surasmi r®(r) = Asin(kr) + Bcos(kr). Ockinbkn

dbyuxiis 7P(r) obmexena, o B = 0 3a r = 0. Takum annOM, J1Jist pajiaibHOT
sin(kr)

qaCTHHU XBHJIbOBOI QyHKIT ojiepkyemo ®(r) = a . Oyuknis ¢(r) — 0 3a

r — 00, IIPH IBOMY KOJHUX JIOJIATKOBUX I'DAHUYIHUX YMOB HE BUHUKAE. 3BijcH

OJIEP:KYEMO, IO cnekmp enepeii nenepepenud. Koedinient A 3uaiizemo 3 ymoBu

HOPMYBaHHS JIJIs HEIIEPEPBHOT'O CIEKTPA!
o0 (0.¢]

. s (L 1
A2 J ) D) 2y — | J cos [(k — K)r] dr—
r T
. 0

N | —

J cos [(k + K)r] dr = 8(k—K'),
0

: , 1
3BLIKU 0 = \/j YpaxyBaHHdA KyTOBOI 4aCTUHHM XBUJIbOBOI PyHKIil Ypg = —=
T

Vin
1 sin(kr)

BU3HAYAE XBUJILOB Hkiiio V(r, 0,9) = ——
y by (1,6,9) A

ITpuknax 10.7. EjxekTtpon B atomi BojHIO TlepedbyBae B OCHOBHOMY CTaHi,

gxuit onmncye xuiboBa dynkiia V(r) = Aexp (—r/r). Suaiigits enepriio E
eJIEKTPOHA 1 CTaJIy 7] PO3MIPHOCTI JIOBYKUHMU.

Po3sg’azanmsa. Y HAIIOMY BUIAJKY XBUJIHOBA (PYHKINSA 3a/JI€KUTH TIIHKH
Biji Koopunatu 7, Tomy pisasians [peinrepa (10.9) Oyme maTu Takuii BULJIST:

d? 2.d om [ e
Lo+l (v E)u=o.
dr? +7“d7“ + h? (T + )

OOumcMBIIg MEpIIy 1 Apyry MOXiaHI JaHol (DYHKINI 3a 1, IepernnnemMo OCTaHHiik

. _ 1 2m 2me? 2\ 1 ..
BUpa3 y Takuit crnocio: | -+ —5 L | + 5— — — | — = 0. I3 uporo cuissijHo-
ri R I ri)r

IIEHHSI BUJIHO, 1[0 PIBHICTH HOT0O HYJIIO 32 Oy/Ib-AKIX 3HAUYEHb " MOXKJINBA JIUIIE B

TOMY BUITQJIKY, KOJIT OOUJIBI TY2KKU OKPEMO JOPIBHIOIOTH HYJIIO.
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h? h?
Ocrarouno B = ———, 1 = —.
2mry me

ITpuknax 10.8. XBuiboBa (DYHKIlST €JIeKTPOHA B OCHOBHOMY CTaHi aToMa
r . . .
BojiHto Mae Burysa W(r) = Cexp (—— , J1e ag — OopiBchbKuil pajiyc. SHalIiTh:
ao

a) 3HadeHHs crasol HopmyBauHst C'

0) HaOLIbIT IMOBIPHY BiJICTAHD MiXK €JIEKTPOHOM 1 SITPOM;

B) cepeliHe 3HAUEHHS MOJLYJ/Isl KYJOHIBCbKOT CUJIH, 1110 JIi€ Ha eJICKTPOH;
I) cepejiHe 3HAUEHHsT MOTEHIIATLHOT eHepTil eJIeKTPOHA B TOJI sijipa.

Po3ss’sa3zarmna.
a) st sraxoKennst craiol C' 3aCTOCYEMO YMOBY HOPMYBaHHS Yy cpeprdHiii

crucTeMl KOOpIMHAaT:
2n

J\KIJ(T)Ingr = J'J \\If(r)|2r2 sin 8drdede = 4nJ |\IJ(7’)\2rzdr =1.
00 0

o139

1

=
nay

[Tigcrassioun y Bupas W(r) i inrerpyoun 3a qactTuHami, ojgepkumo C' =

6) Vmogipuicts Toro, 1mo dactuaka mnepedyBae B obsacti B 7 10 1 + dr:
2 9 . - . . . . .
dw = 47|V (r)|” r*dr. Toxi naiibinbi fiMoBipHA BijicTaHb MiXK €JIEKTPOHOM 1 s1/1-
poM Bijmositae Mmaxcumymy byukiii 4 [ (r)|” r2. dudepenniroroun i 3a 7 i npu-
PIBHIOIOYH TOXIJIHY JIO HYJISI, OJEPKYEMO Tinop = A0-
. . € .
B) Cepesie 3HavMeHHs KyJIOHIBCbKOI et F(r) = —3» IO Jli€ Ha eJIeKTPO,

BU3HAYAIOTH 38 TaKOH (DOPMYJIOHO:

i 1e? | 2 2¢?
F(r) = 4me? J U2(r)dr = is J exp (——7’) dr = %.

r) Cepe/iHe 3HAUEHHS MOTEHIIAILHOT eHepril esekrpona U(r) = —— y nosti

siJIpa, OOYHC/IIOIOTH aHAJIOTIIHO:

U(r) = —4ne? J U2(r)rdr = —% J exp (——7’) rdr = —<.

IMpukaamx 10.9. 3uaiijgiTh cepe/iHiil eJIeKTPOCTATUIHUN TTOTEHIIa, CTBO-

peHuit 1s-eJleKTpOHOM y IEHTP1 aToMa, BOJIHIO.
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Pose’sazanns. XeuiboBy QyHKIio 1s-crany enektpona (n = 1, [ = 0,
m = 0) obepemo 3 morepeIHbOro npukjaLy. Toal 3apsiy 1s-ejleKTpoHa — 11e 3a-
psi, cpepuIHO-CUMETPUYIHOI €JIEKTPOHHOI XMapu. ['yeTuHa i€l eJIeKTPOHHOI XMa-
pu jopishioe p = —ew(r) = —e|¥(r)|?. Bugimumo Tonkuii chepuunnii map i3
pagiycamu 7 i v + dr. O6’em mapy nopisaioe 4nr?dr. IlosHuil 3apsn chepudHoro
. : q
mapy dq = p4mrldr cTBOpIOe B IeHTpi aToMma moTentias d¢ = — = 4nprdr =
r
—d4me| W (r)*rdr.
CyMapHuil eJIeKTPOCTATUIHUI TOTEHIa, CTBOPEHUIl BCIEIO €JIEKTPOHHOIO
XMapoto, 3HafijieMo, IIPOIHTEerPyBaBIIN OCTaHHiil BUpa3 3a 7

Q|H>
®

ow

o0 = [ do = —tme [ w(r)Prar = =25 [ e2vorar =~ £ [ eoigag = - £
on on
0 0 0

ITpuknamx 10.10. 3HaiiaiTe HaOLIBII IMOBIPpHY BiJICTaHb €JIEKTPOHA B 1s-
cTaHi Bij gapa i3 3apsajaoM Ze.
Poszs’sizanmnsa. 3riano 3 supazamu (10.6), (10.3) ta (10.10) noBna xBuasosa

d g 1 \\ ( ) = ( ) Y (e ) =2 <—> " <——T> —1
HKIIlA IS-CTaHV. s\ = ) - s = ex . .
YHKI] y 1 1,0 0,009, ¢ o p o T

3acToCOBYIOUN YMOBY HOPMYBaHHS, OJEPKUMO

J W (r)Pdr = J \@1,0(T)|2T2d7’J Y0.0(8, 0)|? sin 6dede = me(r)dr =1.
0 0 0

['yermna fiMOBIPHOCTI 3HAXO/ZKEHHSA €JIeKTPOoHa y chepuaHoMy Iapi pajiiy-

. 2/

coM 7 1 ToBIMHOO dr: wy o(r) ~ 2 exp (—— . Makcnmvasbie 3nadenss wy o,
ao

sIK HECKJIATHO ITOKA3ATHU, JOCATAETLCA 38 Tmax = —. Lle 1 € HaiOIbn HMOBIp-

ao
Ha, BIJICTaHb €JEeKTPOHa BiJ CHJIOBOrO IeHTpa. B aTomi BOJHIO BOHA JOPIBHIOE

OOPIBCHKOMY paJIiycy.

[TomiTMO, 10 MMOBIPHICTH BHUSIBJICHHS €JIGKTPOHA, Ha JOBLIBLHIN BiJcTaHi
BiJI IleHTpa B 1s-cTaHi 3aBXKIU € Henyavbosoto. OJIHAK 3a BEJUKHUX I" BOHA €KCIIO-
HEHIIIIHO 3MEHIIYEThCs, TaK 110 PeaJbHII Po3Mip sijipa Oyiae CKiHUeHHMI.

I B ocHOoBHOMY craHi

ITpuknax 10.11. O64ucIiTL cepejiHe 3HAYEHHS 7
BOJIHEIIOIIOHOTO aToMA.

Poss’sa3anms. 3a JONOMOIOIO sIBHOI'O BUIJISITY XBUJIHOBOI (DYHKIIIT OCHOB-
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noro cramy Wis(r,0,9) = | —exp [ —— | maemo
AN 27 Z Z
— r
r-l = —3Jrexp —— dr:—Jtetdt:—.
a, Qg on) on

[eit pe3yabTaT MI MOXKEMO OTPHUMATH, 3aCTOCYBABIIN TEOPEMY IIPO BipiaJl.
3rijgno 3 mieo reopemoio 21 = NU, ne T i U — BianoBiiHO cepe/iis KiHeTUIHA, i

noTeHiiaabia eneprii cucremu. B aromi somio U(r) = —Ze?/r ~ r~1. Teopema
nabyBae Burysay 271 = —U y 006iabHoMYy CTAIliOHAPHOMY CTaHi.
= = 1 ,e? . .
B lscrani T'+ U = Ei5 = —§z2—. Posp’asytoun octanni aBa piBHAHH
ap

BijtHOCHO U, 0/1epKyeMO

2

_ _ ¢ Sz

U=—Ze*r1=—-27%>2 s3pikn r—! ==,
Qg agp

3aBgaHHA J1JIsI CAMOCTIITHOrO BUKOHAHHS

~ ~ ~ ~ ~9

1. Buaitjits apuuil Buriaj oneparopis Ly, Ly, L., Ly=1,+i g Ly
cdepuuHiil cucTeMi KOopAuHar.

2. 3HaliIITh TaKl KOMyTaTOPU: [ﬁ_, lA}JF} ) {ﬁi, [:z} , {j}i, f/m} , {ii, [A/y} .

3. 3aIuiIiTh orepaTop KiHeTH4IHOI eHepril y cpepudHiii cucTeMi KOOpINHAT.

4.V crani Wy, 3 IeBHUM MOMEHTOM [ 1 floT0 IIPOEKINE0 m Ha 2 3HAIIITE ce-
peJIHE 3HAUEHHs 1 cepeIHIO0 (DIYKTYaIlilo ITPOEKIil MOMEHTY Ha BiCh Z, 110 YTBOPIOE
KyT O 3 BICCIO Z.

5. Hacrunka nepebyBae B cTai 3 MOMeHTOM [ = 1 i iforo npoexiiieo m = +1
Ha Bicb z. SHaiiaiTh imosipHocTi W (m', m) pisHux 3HaueHb HPOEKIT MOMEHTY 1M/
Ha BiCb 2, 10 YTBOPIOE KyT O 3 BicCIO 2.

6. € aBi cj1abKOB3a€MOIIF0Ul CUCTEMU, CTaHU SIKUX XapaKTepPU3yIOTh KBaH-
ToBi uncia [y = 11 ls = 1 MoMeHTy 1 npoekil iforo Ha Bicb z: m1 = 01 mg = 0.
O0unciTh IMOBIPHOCTI PI3HUX 3HAYEHb CYMapHOI'O MOMEHTY L.

7. € 1Bl c1abKOB3aEMO/IIIOY] CHCTEMH, CTaHI AKHX XapaKTePU3YIOTh KBaH-
TOBI uncia [y = lo = [ MOMEHTY 1 IIPOEKIIil fioro Ha Bich 2: My = 1my = [ — 2.
O0unciTh IMOBIPHOCTI PI3HUX 3HAYEHb CYMapHOI'O MOMEHTY L.

8. CraHu HpPOCTOPOBOIO pPOTATOPA OMHUCYIOTh XBUJIbOBI (DYHKIIT BUIVISILY
U, = Acos?0, Uy = B¥® i U3 = C(3sin0cos @ + 21). SuHaiigith GyHKIi pos-
IOJIIJIYy pOTATOpa 3a €HePrisgMU, KBaJIpaToM MOMEHTY 1 floro IpOoeKIliio Ha BiCh Z,
a TaKOXK CepeJiHl 3HAUYeHHS ITUX BeJIMYNH.
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9. KyToBa qacTuna XBuaboBoi GyHKIT yacTuikn Mae suriisy W = D cos 0.
Busnaure fiMoBipHiCTH 3HadeHHs [ = 1 y npoMy crami.

10. Hactuaka macoio M BIIBHO PyXaeThesd 3 MEBHUM 3HaYCHHSAM KBaJipaTa
opOiTaJILHOIO MOMEHTY. SHaiiTh HEHOPMOBaHI XBUJIBOBI (PYHKIII CTAIlOHAPHIX
CTaHiB 3 eHeprieo F.

11. 3a zBajaHuMU XBUJILOBUMU (DYHKIIAMU 3HAMIITh HEBiJIOMi HOpMOBaHI
dyHKIIT:

a) Uimomeo =C(3c0s820 — 1), W9 ,1;

0) Vi—gmeo = C(5cos30 —3cosB), Vi_3,,_1;

B) \Ijlzg’ng = 0632¢ sin 39, \I/l:3,m:2-

12. 3HaiiIiTh KBAHTOBI YMCJ1a CTAHIB 13 XBIJILOBUMU (DY HKITIAME Z+Z+ E+\Iflm,
Z_Z+E_\111m, Z_Zzimlm, E+Z_Z+\I/lm. Busnaure, 3a gkux 3HavdeHb [ i m i
XBUJIBOBI (DYHKIIIT JIOPIBHIOIOTH HY.JIIO.

13. 3HailaiTh piBHI eHepril YacTUHKK Mach |y cpepuyHiil HECKIHIEHHO TJIH-
OOKiil TToTeHIIaIbHIN Ml pajiilycoM a.

14. Busnaure piBHI eHepril I pyXy JaCTHHKN MACOIO L 3 MOMEHTOM
0, r<a;
U(), > a.
YVCTaHOBITh, 3a KOl MiHIMAJIBLHOI TJIMOMHU B sIMi HASBHUIL JIUIIE OJINH PiBEHb.

[ = 0y chepuuniit morenrianbiit simi ckinuennol runbunn U(r) =

15. 3HailaiTh eHepreTuvHi PiBHI JUCKPETHOIO CIEKTPa YaCTHHKU MaCoio L
. . . . 0, p > a;
y JBOBUMIpHIiil oTenrianbHiit smi U(p) = y BUNAJKY, KOJIU IIPO-
—U(), p<a
eKIliss MOMEHTY IMIIYJIbCYy YacTUHKHU Ha BICh, MEPHEHIUKYJIAPHY ILIONUHI PyXY,
JopiBHIOE HY/IH0. OKpeMO pO3IJIsiHbTe BUIIAJI0K HErJIMOOKOI sIMI (ua2U0 K hz),
NOPIBHATE 11eit pe3y/IbTaT 3 OJIJHOBUMIDHUM PYXOM.
16. O6unc/IiTh 3HAUEHHsI KBAHTOBUX YUCET N, Ny, | 1 m y crani 3s, 3p, 3d,
4s, 4p, 4d, 4f aToma BOIHIO.
17. besnocepeiHiMu po3paxyHKaMU JIOBEITh OPTOrOHAJBHICTL XBUIHOBUX
dyuKIiit g 1s 1 2s-cTaHiB BOIHENOAIOHOIO aTOMA.

18. Busnaure, yomy JOPiBHIOIOTH [ 1 M y TaKuX cTaHax:
. 3 1 .
U = A(r)sin8e™®, W= A(r) (5 cos” 6 — 5) , W = A(r) sin® 0e=?.

19. TlobymyiiTe rpadik pajiajbHOl I'yCTUHU HMOBIPHOCTI B TaKUX CTaHaX
aToMa BOJIHIO:
r
2a
Busnaure, yoMy JOPIBHIOE €HEPTis aTOMa BOJIHIO B ITMX CTaHAX (a = K’ / me2).
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20. 3Haii iTh:

a) cos® i c0s2 0 y s-cTaHi IpPOCTOPOBOrO POTATOPA;

0) cos20 y p-CTaHi mIpocTopoBoro poraropa 3 m = 0, 1.

21. JloBeliTh OpTOTrOHAJBHICTH BOjIHENOMIOHNX PYHKIIH Yooy 1 Worg, Wigp 1
Wy10. [lepekonaiitecst B Heoproronambrocti Pog(r) 1 Poy (1), P1o(r) i Ror (7).

22. O09mCIITH cepejiHE 3HAUYEHH 1

a) y ls-crani Bognemnoi6bnoro atoma (n > —2);

0) 2s-crani BozHenoi6Horo aroma (n > —2);

B) 2p-cTaHi BojHenoibHoro aroma (n > —4).

23. BHailliTh cepe i 3HaYeH A P2 i 7 y I0BUIBHOMY CTAI[IOHADHOMY CTaHi
BOJIHEITO/IIOHONO aTOMa 3 TOJIOBHUM KBaHTOBUM UUCJIOM N.

24. O6uncaiTh T, I JJIsl €JIeKTPOHA B OCHOBHOMY CTaHi aTOMa BOJHIO.

25. 3HaliIiTh PO3IOJILI HMOBIpHOCTEl PI3HUX 3HAYEHD IMITYJILCY €JIeKTPOHA
B OCHOBHOMY CTaHI aTOMa, BOJIHIO.

oo . . Ze?  «
26. 3uailliTh AMCKPETHUI ClIeKTD Jys elekTpoHa B oy U(r) = ———+—.
roor

27. 3’scyiiTe, 3a 9KOI YMOBHU 3'sIBJISIETbCsI S-CTaH JUCKPETHOIO CIIEKTPa y
0, r > a;

WYHIA sIMI 1 = IBHSIIT TpUMaHNIT JbTaT 1
cpe U ITo € 0 a €3 aT 13
—Up r<a
U , .

pe3yJbTaTaMi y BUIIQIKaX OJJHOBUMIPHOI'O 1 JIBOBUMIPHOI'O PYyXiB.

28. 3Haii1iTh piBHI eHepril Ta HOPMOBaHI XBUJIbOBI (DYHKIIT CTalliOHAPHUX
cTaHiB cepuaHoro ocnuIATopa, T06To Yactunkn B noii U(r) = kr?/2, (k > 0).
Posp’sixkiTh piBHgnHs [HIpeginrepa jBoMa criocodbamMu — y JIeKapToBiii i cchepuaHiii
cucreMax KOOPJIMHAT.

11. KBa3ikjiacuuHe HaOJIM>KEHHS.

Bapiamiiitnuii meTon Pitna

CuibHO 30Y/2KeH1 CUCTEeMH 3a CBOIMHU BJIACTUBOCTSIMU € Maiirke KJaCHIHU-
MU, 300 K8a31KAAGCUYHUMU, OCKLJIBKI B IIbOMY BUITQJIKY KJIACHIHA Jlisl 32 OPSJI-
KOM BEJIMYMHH 3HAYHO repeBepinye crajy Ilnanka h. [Ipore rpannanunii mepexi
h — 0y camomy piBusinai [IpemguHrepa 3micty He Mae. BiH 3/iiicHIOETBCS 3a J10-
IIOMOI'0I0 TaK 3BAHOI'O KBA3IKAACUYHO020 HabAudCenMHa a0 memody Benmueas —
Kpamepca — Bpianioena (BKEB). CyTh MeTOy MOJISATAE Y HOJAHHI XBUITBOBOI

yHKIiT v Burstai W = exp _ﬁS 1 posBuHeHHI Jii S y psiJi 3a CTEleHsIMU
MaJioro rmapamerpa h/i. B ofHOBUMIpHOMY BHIIQJIKY XBHJIOBA (DYHKIIIST IACTHH-

K1 13 3a/1aH010 eHepriero E y nosi U(z) 3 ypaxyBaHHIM JIHAIIE EPIIOT KBAHTOBOT
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HorpaBKu OyJjie MaTy BUIJIS]

A % / / B [ / /

U(z) = er [ p@)de’ 4 e R IPEE B U (),
p(z) p(z)

W) = —C el D e g (),
[p(2)] p(2)]

e p(z) = v/2m[E — U(z)] — Iacuunuii iMIyJibe YacTUHKH; 11 — Maca qacTHH-
ku; A, B, C'1 D — joBiibHI cTadi.

Y 3B'A3Ky 31 cnenudivHoio CTPYKTYpoio (PYHKINN JTaHnil MeTos OTpUMaB
HA3BY Memody (Pas3o6ux iHme2pais.

YMOBOIO 3aCTOCOBHOCTI IILOI'O METOJLY € CIIiBBIIHOIIICHHS

dp 1 |dk
2

T N
r> |dx‘j k|dz

dA
< 1, B exBiBasienTHI dopmi ‘d—‘ <1, (11.1)
x

ne k = p(x)/h, A = 2n/k — nebpoitniBcbka JOBKIHA XBILIL.

Axmo d — xapakTepHuil po3Mip 06J1acTi pyxy, TO OCTaHHS HEPIBHICTH 3BO-
JUTHCA 10 yMOBHI A K d.

BKDB-nabukeHHsT 3aCTOCOBHE Y BHITQJIKAX PYXY 3 JIOCUTH BEJIUKHUME iM-

dUu
— |, 10 Jli€ HA YACTUHKY, MOBUHHA

dx

OyTH He Jy2Ke BEJNKOIO. [HaKIe KayKydu, MOTeHIiaIbHa eHeprid MOBUHHA, 3MIiHIO-

IIyJibCaMM, IIPpHUYIOMY KJlaCHUYHa CHJIa F =

BaTHUCA JJOCUTH CJIAOKO YIPOIOBK J1€OPOiIIBCHKOI JOBXKIHI XBILJII.
IIpasuso xeanmysarnna Bopa — 3ommepgpenvda susnadae y BKb-
HAOIMKEHHI MOJIOYKEHHS eHePTeTUYHNX PIBHIB JIUCKPETHOTO CIIEKTPA.
OTpuMaeMo MpaBUJIO KBAHTYBAHHS €HEPreTUYHUX PIBHIB B OJHOBUMIpPHIil
noreHrianbHiit simi (pue. 11.1). Bamumemo XBUIbOBY (DYHKIIO B KJIACHIHO JI0-
crynniii obsacti II (a < x < b) 6l KOXKHOT 3 TOUOK TTOBOPOTY:

1 f N, T B
U, (x) = ) cos ﬁjp(x)dzlz ik Uy(z) =

a

ne A1 B — jnoBlibHi cTadi.
Y Oyab-sIKiii TOYII KJACHYHO JIOCTYIIHOI 00JIacTi,

JOCUTD BiJiTasieHiit Bijf TOU0K 1moBopory, hyHkIil W, () i
U}, (x) moBUHHI [IEPEXOJUTH OJIHA B OJIHY, TOOTO HEOOXiTHO
HPUPIBHSITH X JIoraprMidHI TOXiHi:

1 1 | .
te |+ Jp(x')dfv’ — Z =t |5 Jp(x’)dﬂi' + Z , 0 X
. ) Puc. 11.1
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3BIJIKI MAaEMO TaKnil BUpas:

1
Jp(x)d:z::nh ntg) n=0,1,... (11.2)

a
SIKIIL 1 sIBJIsSIE CODOIO TIPABUJIO KBAHTYBAHHSI €HEPreTUIHUX PiBHIB. ToUKM 1IOBOPO-
Ty 3ajani piBasgaHsgM U(x) = F, tomy Bupas (11.2) sBiisie cob010 B 3arabHOMY
BUIIQJIKY TPaHCIeHeHTHE PiBHAHHS BIJIHOCHO eHepril F 3 IijiuM HeBiJI' €eMHIM I1a-
pamerpom n. PakTuaHO HpaBmio KBaHTyBaHHs (11.2) 3acTOCOBHE 3a BEJMKHUX
b b
1 dx

d : :
SHAMeHD 7 ~ — p(zr)dr = p(:z:)d:cT ~o > 1, OCKIIBKE Y KBa3iKJIACHIHOMY

a a
HaOJIMKeHH] JIe0POilIiBChKa JIOBYKIMHA XBIJI 3HAYHO MEHIIa 3a Po3Mipu obJiacTi

pyXY.

Ha BigMiny Biji ssMu B HOTEHIAJILHOMY Oap’e€pi KJIACUYHO JOCTYIHUMU €
obacri I 1 111, e poss’si3ok piusinas [Ipesinrepa ociioe (puc. 11.2). Y ia-
cnano uegoctynHiii obsacti 11 (a < o < b) po3B’s30K MICTUTH EKCIOHEHIIITHO
3pocTalibHy 1 crajHy KoMmioHeHTH. /st koedinienTa mpo30pocTi YacTUHOK i3 3a-
nanoro ereprieio 0 < F < Upax Y KBa3IKJIaCHUYHOMY HAOJINZKEHHI BUXOUTH TAKOXK
JIOCUTDL ITpocTa hopMmyJia, 1Mo He 1oTpedye po3B’a3ky piBusnng [peninrepa:

b
2
D = Dyexp —ﬁj|p(x)|dx : (11.3)

a

Konkpernuit Burisg, MHOXKHUKa [y 3a/1€KUTh BiJl BU-
Jly TIOTEHIIaJbHOI eHepril 1 XxapaKTepy TOYOK IIOBOPOTY.
ExcrionenmiajpbHuil MHOXKHUK € TIBUJIKO 3MiHHA (DYHK-

IlisT eHeprii, i MOTPIOHO po3paxyBaTH came HOro. YMOBa
sacrocoBrocTi BKB-nabmmkenns (11.1) — migbap’epue
sHadeHHst eHepril 9acTuHOK (EF < Upay) 1 J0cHTh Bestnka

floro mmpuHa. ¥ 1bOMY BUITQJIKY KOEMIIi€HT ITPO30POCTi
oyme mammit (D < 1). Puc. 11.2

VY pszi BUIIQJIKIB HAOJIMKeHe 00UYNCIeHHS IePIINX JUCKPEeTHUX CTaHIB KBaH-
TOBUX CHCTEM MOXKHA 3/IICHUTH 3a JOIOMOTOI0 8apiauitinoz2o0 memody.

Y X0/l PO3paxyHKiB €HEPTil 0CHO68H020 CMaH) CIIOYATKY aHAJITHIHO BHOU-
patoTh «1pobny dyukiioy Yo({ o, B, ...), M0 MICTUTH HEeBHY KiIbKICTH HEBIIO-
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MUX TIapaMeTpiB o, B, . .. Ilicis obducieHHs eHepreTuIHOro pyHKIoHAIA

J\D(’S(C, o, B, ... )HUo(C, o, B,...)dC

%0(06, B, .. ) =

(11.4)
J Wo(¢, 0, B, .. .)[*dC

OJIEPXKYEMO BUPa3, MO 3aJeKNUTh TIALKHU Bij 1uX napameTpiB. OyHKITIOHAT Mage
3HAUEHHs CepeHbOI eHepril cucTeMn B cTaHi, 3ajaHoMy dyHnkiieo Wy, Minimiza-
mist (o, B, . . .) 3BOAUTHCST J0 PO3B’I3aHHS TAKOI CUCTEMU DiBHSIHb:

00 0

A T an T T min, MPmin; - - - - 11.
do OB Do i B o

Buavennsi exepril £ = o (Ounin, Pmin, - --) = Fo ¥ pasi Baasoro Bubopy mpood-
HOI (DyHKIIT Oyjie OJM3bKUM JI0 JIifICHOIO 3HAUYEHHSI, HABITh 3a IOPIBHAHO MaJiol
KIJIbKOCTI 3acTocoBanux napamerpis. HenopmoBana XBuiboBa (DyHKITST OCHOBHO-
ro crany cucremu Oyse npubsinsno 36iratucs 3 Gyukiieo VoL, oumin, Bmin, - - -)-

Onucanunii MeTOJT BiIINYKyBaHHST €HEePril OCHOBHOI'O CTaHy Ma€ Ha3BY NpPAMO-
20 saplayitinozo memody abo memody Pimua. Bubip npoOHux (yHKIIi 3aCHO-
BaHWl Ha JKICHOMY aHaJIi3l PO3B’A3KIB 3 ypaxyBaHHsaM cuMeTpil 3aianasd. [1poo-
Ha (PYHKIliS HacaMIlepe/l MOBUHHA 3a/I0BOJIbHATI CTAHIAPTHI YMOBHU 1 Y BUIAJIKY
diniTHOrO pyxy obeprarucs B HYJb Ha HECKIHUEHHOCTI. ZIKIIO ramijibTOHIaH He
3MIHIOETHCS TIiJ1 Jac onepariii iHBepcii, mpodHy (YHKII0 OCHOBHOTO CTaHY CJIiJI
BHOMpATH HAPHOIO.

AHaJIOr9HO 00YMCIIIOI0TH €HePTiio N-ro 30y/XKeHoro cTany. Biamnosigny npoo-
Hy (YHKIIO 3a& JIONOMOTOIO JIOAATKOBUX YMOB HiJIOMPAIOTh OPTONOHAJILHOIO JI0
XBIJILOBUX (DYHKIIIH OLIbII HU3BKUX 3a €HEPrielo CTaHiB.

XBuUJIb0Bl (DYHKIIIT, 3HaMIeH] BapialiifHuM METO/I0M, He 000B’SI3KOBO OY/1yTh
BJIACHUMY (DYHKITISIMI TaMiJIbTOHIaHA H. Bouu € TaKuMI JIIIe 3a 1eBHOT0 BHOODY
napamMeTpusaliil npoOHUX (DYHKIIIi, 1110 J03BOJISIE 1II00POM IIapaMeTpPiB 3BECTH 1X
JI0 TOYHUX XBUJILOBUX (DYHKIIIH cTalliloHApHUX cTaHiB. Po3risineMo Jieski Xxapak-
TepHI TPUKJIAIN.

ITpuknamx 11.1. 3acrtocoBytoun Ipasuia bopa — 3omMmepdenbia, Ipo-
KBaHTYHTE PYX OJHOBUMIPHOIO MapMOHIYHOIO OCIIJIATOPA (YaCTHHKA Macoo m,
AKa pyXaeThed B morenmiiinomy nosi V(z) = me’z?/2).

Pose’sazanmsa. 3anuiiemMo B siBHOMY BHUIVISII KJIACHIHUN IMIIYIBC 1 KOOpP-
JIMTHATU TOYOK ITOBOPOTY 3a 3aJ1aHOl eHepril :

2
p(z) =4 /2m E—%aﬂ, b=
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, , . mw?
Bpaxysasiin napuicts p(z) i 3pobusiin 3aminy — =

b 2K

x = sin &, maeMo:

b b /2
2 4F E
Jp(l")di = 8mEJ 1 — I 2y = — J cos EdE = —— |
® ®
0

2K

a 0

3a joromororo Bupasdy (11.2) ofgepKyeMo eHepreTHIHI CIIEKTP OCIUJISTO-
1
pa y BKb-nabmmxkenni E,, = ho (n + 5), n = 0,1,... Leit pesyabrar TOYHO

36iraeThest 3 Bupasom (9.2), xoua mpaBmiio KBaHTyBaHHs Bopa — Sommepderbia
[IpaBJIUBe JIUIIE [T BUCOKO30YZKeHNX cTaHiB (n > 1).

ITpuxkmaam 11.2. 3a jgonomororo npasuiia Bopa — 3ommepderibia 3HaNI T
CIIEKTD €eHepril Ta JOIYyCTUMI BUCOTH, Ha Kl NIIIAMAEThCI YaCTUHKA Maco 1M,
0 T1a/1a€ Ha TOPU30HTAJIbHY IJIACTUHKY 1 MPYKHO BiJT HEl BiIOMBAETHCS.

Poses’sazannsa. llorennianpay eneprito samuremo y surisiai U(z) = mgz,
Jle g — TPUCKOPEHHs BIJILHOIO Na iHH«. KHeprig yacTunku craia [/ = const.

YacTunka e MoyKe MPOHUKATH B 00s1acTh 2 < 0 1 TOMY XBUJIHOBa (PYHKITISA
U(a) = ¥(0) = 0. XBuiboBa QyHKI[A TAKOXK MOBUHHA OOEPHYTHCS B HYID i
Ha TpaHuili 3a z = b (cTaHgapTHi yMOBH TOTPEOYIOTH HEMEPEPBHOCTI XBUIHOBOI
dbyuxiii) U(b) = 0. V HAIIOMY BHUIIAJKY TOYKA MOBOPOTY b = Npayx 3HAXOIUTHCS

3 YMOBH Mpax = E [IpaBrio KBaHTYBaHHS B IILOMY BHIQJIKY y3araJbHUMO i
3aIIIEMO Y Bﬂmsﬁ?
Prax
p(z)dz:nh<n—l—§> , n=0,1,...

0

O6uncmMo iHTerpal
Prax hrax
p(2)dz = J V2gm/hanax — 2dz = @\/@
0 0

3acTOCOBYIOUN OCTAHHI JIBA BUPA3M, OJEPKYEMO €HEePreTUIHU CHEKTD YaCTHH-
KU, IO 11aJIa€ Ha TOPU30HTAJILHY MOBEPXHIO, 1 MAKCUMAaJIbHI BUCOTH, Ha SKI BOHA
3Mmozke migiimarrcs y BKB-nabamkenmi:

9¢2 3\ 2 E,
En:?’%ﬂﬁ?(n%—z), hmaxn = —, n=0,1,...
mg
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IMpuknasm 11.3. 3Haii1iTh y KBa3iKJIaCHIHOMY HAOJNKEHH] (3 TOIHICTIO 10
eKCIIOHEHI[Ia/IbHOIO MHOYKHIKA) KOeIIIEHT IIPO30POCTI JIjisl YACTUHOK 3 MACOI0 1M
. . . : ¥} Y x
i eneprieto E, 1m0 poxojsaTh Kpisb norenriaasauii 6ap’ep U(z) = Upexp ( —— |,

o
ne Uy > 01a>0— mapameTpn mOJId.

Poses’sazanns. Obuncinmo inrerpas y mokasunky ekcronentn (11.3). 3
ypaxyBaHHAM MAPHOCTI MiIHTErPa/JbHOT (DYHKIIT 1 MTOBOJIZKEHHS TOTEHIIATY Mae-

MO
b b =
J Ip(z)|de = 2V ZmEJ \/Eoe—x/“ — 1 dz,
a 0
Je a i b — roukn nosopoty; b = aln —0, a = —b.
E
U
[HTerpas 00YNC/II0I0Th 38 JIOMOMOI'0I0 3aMiHN 3MIHHOI: \/ Eoe—x/ «—1=2¢,
2
dr = — o Tldc. Y pesyabrari

Yo

VI,
dav2mE J éTC’l:éLocv2mE<\/%larctgw%l>.
0

KoedimienT mposopocti 6ap’epa BusHadaorh 3a dpopmysion (11.3):

2m / /U
D:Doexp{ S(X ( %—1—arctg 1)}

Hana dbopmysta 3acrocosHa 3a Uy > F.

ITpukaam 11.4. 3Hail1iTh HAOMKEHE 3HAUEHHS €Hepril OCHOBHOI'O CTAHY
YACTUHKU Maco0 m, 1o 1epebyBae B HECKIHUYEHHO IJIMOOKiH IoTeHIia bHIi siMi
IMIIPUHOIO @, BapiallifiHMM MeTOJIOM, 3aCTOCOBYIOUN B POJIi «IIPOOHOI» (PYHKIIIO

surisy W(x) = A (g — ’x — QD

2
Posze’sazannsa. Exepris oCHOBHOIO cTany JOPIBHIOE MIHIMYMY BiJI cepeiHbo-
~ h? 02
ro 3HauYeHHd oneparopa ['amisibrona H = —5 55 BHaii1eMo cepeHe 3HAUeHHsI
2m Ox
eHepril:

dzx.

2m ox? 2m ox

—00 —00

Fo_I” T i 1P T |5\11(x) :
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CrioyaTKy MpOHOPMYEMO 3aIPOITOHOBAHY (DYHKIIIIO:

a/2

9 a al\? . 2 2 2 _ _ 12
|A\J<§—‘aj—§‘) dx = |A| dem+J(a—x)dm =1= A= et
0 0 a/2
oV 0 A, 0<z<a/2;
[Toximna dpynkiiil () = A— (ﬁ — ’x — ED = r<af
Ox Ox \2 2 —A, a/2<z<a.
242 [ F 2
— kA 6h
Cepenne 3navenns eneprii £ = J J 1%dx + J(—1)2d56 = —.
2m ma?
0 a/2
: : : 12 sa a
[le snavennst Bijnosigae npobuiii dpyukmii W(zr) = — (5 — T — 5‘)
a

ITpukaam 11.5. O6uucaiTh BapialliifHUM MeTOJI0OM €HEprilo OCHOBHOT'O CTa-
HY JIIHIITHOTO rapMOHITHOI'O OCITUJISITOPA Macoo M 1 4acToToro M. «IIpodHy» hyHK-
nito obepite y Burism W(z,y) = Bexp(—yz?/2), ne B — craja HOpMyBaHHH;
v > 0 — Bapiamiiinuii mapameTp.

Poss’azanna. 1lin qac Bubopy 1npodHOI (PYHKINT BpaxoBaHO BiJICYTHICTD
BY3JIIB Y XBUJIbOBIHT (PYHKIIT OCHOBHOTO CTaHy Ta 11 MapHICTh, a TaKOXK TOH (pakT,

mo W(+oo,y) = 0. Eneprernunnii dynkmionan (11.4) o69ucmo0Th 3 ramiab-
, ~ B2 mez? .
Tonianom H = — 5 T2 + 5 | 3alaHom0 npobuoto dyukiico V(z,y).
mdx
B/CHUBINN eJIeMEeHTAPHI [ePEeTBOPEHHSI, OTPUMAEMO OCTATOYHUIT BUTJIST
Bupasy (11.4):
1 (R*y  mo’
So(y) == —+— ).
=7 (1™
. ~ : : me .
Minimym So(y) BiamoBigae 3HATCHHIO Vi = —,» TOMY eHepris OCHOBHOIO CTay
N ho . . :
Ey = So(Ymin) = > & BIMIOBI/HA HOMOBAHA XBUIILOBA DyHKIIIST Mae BUIJIsI]
mmy /4 7 h
Vo(x) = V(Z, Vi :<—) exp | —= Tl = —.
0( ) ( 7’len) h p 25[;(2) ) 0 mo

VY 3B43KYy 31 BJ1aJ10 00pAHOIO NapaMeTpU3aIlieio TpooHoT (PYHKINT 3HAUEHH eHepril
1 BUTJISA]T XBUJILOBOI (PYHKIIIT 30irafoThCsd 3 TOUHUME BUPa3aMIU.

ITpuknamx 11.6. O64uncaiTh BapiamiffHuM METO0OM €HEePrifo OCHOBHOI'O CTa-
Hy BOJIHENo1ioHOr0 aroMa. «IIpobnys dpyukIiio 3 BapiamiitauM napamerpom A > 0
obepits y Burssiai W(r, ) = D exp(—Ar).
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Poss’azanmsa. 'amibTOHIaAH BOJIHEIOIIOHONO aTOMa 3aIIUIIIEMO Y BUIJISI

~ h? Ze?
H = —2—V2 — —6. Eneprerwanuit dyuxiionan (11.4) 3BouThbest 10 BUTISTY
w r
21
Jis(A) = J e MVre M ridr — AN Ze? J e Mrdr,
w
0 0

KU 38 JOIOMOI0IO IHTerpaJiiB

J e Vi Mrtdr = — J (—e‘”) ridr = —— J e Mrdr = TR
0 0

or 4\’
0
h2)\2
EPETBOPIOETHCS JI0 BUMIIsy Sq5(A) = on Ze*\. 3 ymoBH MiHiMyMy (DYHK-
i
A
mionasta (11.5) BusHAaTaeMo Bapialiiiauii mapamerp Appn = —. [ligcraBisoun
ag

3HAYEHHS Apin Y BUpa3u st (DyHKIIOHAJA 1 ITPOOHOT (PYHKITIT, MAEMO

Z*e? Z3 Zr
IS %18(7\‘min) = - \Ijls<7") =\ Z3€Xp (——) .

2ap na;

Bupasu jijist eHepril Ta XBUJIBOBOI PYHKIIT 30iraloThCst 3 TOUHUMM.
IMpukaam 11.7. O6unc/iiTh BapialiifHIM MeTOZ0M eHepriio 1epiioro 30y/1-

JKEHOTO CTaHy 28 BOJHeNo ioHoro aroMa. «IIpobnys pyHKIO 00epiTh Y BUTISA

ar

Z
U(r,a,y) =C (1 - x—r) exp <——> 3 nmapamerpamu o > 01y < 0.
ap Qo

Poss’sazanms. KpiM crangapTHIX yMOB, pajiiajbHa XBUIbOBA (DYHKILIA 2S-
CTaHy MOBUHHA MATH OJIH BY30.1 (1100 3a/[BOJIBHUTH OCIUJISIIAHY Teopemy ). [a-
Huil (bakT 3HAXOIUTH BUCBITJIEHH B IapaMeTpusariil npobHol dpyHKIII.

HomaTKkoBOIO YMOBOIO 38 MiHIMI3aIl €HEPreTHIHOr0 (PYHKITIOHAIA € BUMOTa
oproroxasbHocTi W(r, o, ) 10 XBIIboBOI (DyHKINT 1s-cTany, 3HafieHOl B

mpukit. 11.6: | U (r, o, x)W1(r)d*r = 0. Ipocti obuncaenns 103BOJISAIOTL Ofep-
JKATH 3B's130K MK Baplamiifaumu napamerpamu y Buriisyii x = —(Z + o) /3, m1o
pa30M i3 raMiJIbTOHIAHOM Ta 3aJIaH0I0 ITPOOHOIO (PYHKIIIEIO A€ MOXKJIUBICTE OJIEP-
Karn eneprernanuii gynkmionan (11.4) 2s-crany:

B Ze2< o 7ol Z o2 )

262  2(02 — Za+ 22)

%25 (O(.) 4
0
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3 ymosu minimymy Sog(at) (11.5) Maemo oy = Z/2. [ligcraBuBimm Oy, v BUpas
JUIs1 eHepreTudnoro pyHkijonasa i npobnol pyHKIil, MaeMo

Z%e? Z3 Zr A4S
_ o (1) = 4| = [ 1+ 2= _Zt
Say 2(7) 8nad + 2ay exp 2ay

_ Cx _
EQS — JZs(amin) —
AK 1 B nonepe iHbOMY MIPUKJIAJI1, MU OJepzKaJsin 30ir 3 TOYHUMHU pPe3y/bTaTaMu.

3aBaaHHS JJIsI CAMOCTITHOTO BUKOHAHHSI

1. ¥V xBazikjiacHIHOMY HAOJIMXKEHHI PO3IJIIHBTE PyX YACTUHKU B IIOTEH-
HiaJIbHIM sIMI ITUPUHOO b 3 HECKIHYEHHO BUCOKUMU «CTIHKAMI» 1 IJIOCKUM «THOM> :
0, O<z<b; ) ) '
U(x) = [TopiBHsiTEe pe3yabTAT PO3PAXYHKIB €HEPIeTIIHOTO
oo, =<0,z >0.
CIIEKTPa 3 TOIHUM.

2. 3acTOCOBYIOUM IIpaBujia KBaHTyBaHHs Bopa — 3oMmmepderbia, 3HaN T
CIIEKTP IJIOCKOTO POTATOPA (YACTUHKU MACOI0 1M, IO BLILHO 00EPTAETHCs M1 TI€T0
[EHTPAJIbHOI CHJIN, IO KOJIy PaJiycoM 7).

3. 3acTOCOBYIOUM IIpaBujia KBaHTyBaHHs Bopa — 3oMmmepderbia, 3HaN T
piBHI eHeprii eJleKTpPoHa, AKHUIl PYXa€ThCsl 110 KOJIOBiil OpOITI y BOIHEIIOIIOHOMY
aTomi (3apsiz sijpa Ze).

4. Y KBazikJlacHIHoMy HaOJUKEHHI BU3HAUTE TOJOKEHHS eHepreTUIHUX
PIBHIB 9aCTHHKI Macoro m, mo pyxaerbes y noi U(x) = alz|, ne o — moparnmii
napameTp.

5. SHalliTh y KBa3iK/JIaCHIHOMY HAOJIMKEHHI PIBHI eHepril YacTUHKHU, M0
nepebyBae B ogroBuMipHomy norermniam U(x) = —A/|z|, ne A > 0.

6. OTpumaiiTe MpaBUIO KBAHTYBAHHS €HEPreTUIHUX PIBHIB 1 3HANIITH Bijl-
MOBIJIHI M KBa31KJIACUIHI XBUJIHOBI (DYHKIIIT y BUITQJIKY TOTEHI[IaIbHOI MU BULJIsI-

00, r < 0;
ay U(z) =

F(z), x>0,
7. BHallIiTh Yy KBa3iKIaCHIHOMY HaOJIMZKeHHI KOeiieHT IPO30POCTi IOTEH-

. Uy>0, 0<z<a; i
miasibHoro 6ap’epa U(z) = T T T T Keasiksmacuanuii pesysibrar
0, r <0,z > a.

ne F(x) — dyHKIisg 3 J0IaTHO HEPIIO0 MOX1HOIO.

HOPIBHANTE 3 TOUHUM.
8. OUiHITh Yy KBa3iKJIaCUIHOMY HaO/IMKeHHI KoeillieHT IIpo30pocTi bap’epa

Ulx) = Uo(l—g>, x> 0;

e Uy > 0. 3naiijiTh He TLILKNA eKCIOHEeHTHHII,
0, x <0,

aJie il TIepeIeKCIIOHeHTHUI MHOXKHUK, 1110 BXOJIUTH Y KOEMIIIEHT ITPO30POCTI.
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9. O64uciTh y KBa3iKJIaCUIHOMY HaOJIMKEHHI KOeMIIIEHT MPO30POCTi TIa-
2

x
. UO 1 — 9 ) ‘x‘ < a; .
pabosiianoro 6ap’epa U(x) = a e Uy > 0. YkaxiTb

0, |z| > a,
YMOBH 3aCTOCYBaHHSI OTPUMAHOIO PE3YJILTATY.
10. BHaiiyliTh Y KBa3iKJIaCHIHOMY HAOJMKEHHI KOedIIieHT MPO30POCTI 10~
G(a—|z|), |z|<a, G>0;
0, |z| > a.
11. OTpumaiite HabJ/IMKeHe 3HAUYEHHS €Hepril OCHOBHOI'O CTaHy YaCcTUHKU B

TeHriagbHOr0 6ap’epa U(x) =

HECKIHYEeHHO TVIMOOKIi{l TOTeHIaIbHIi sIMi, 3aCTOCOBYIOUH B POJI TPOOHUX XBUJIHO-
. . Ty . . N
Bi bynxuii: Ui (z) = Asin? (—) i Wy(x) = Bx (z — a). lopiBugiiTe 3 TOUHIME
a

3HAYEHHSIMH.

12. Pyx 9acTUHKH Macolo m, 110 1epedyBae B OJIHOPITHOMY IO TSXKIHHS,
obMeKeHuit 3HI3y abCOIOTHO TPYZKHOIO0 TOPU30HTAJILHOIO TLIACTUHOIO. Bapiariii-
HUM METOJIOM OTpUMaiiTe HAOIMKEHI 3HAYEHHS €HePriii OCHOBHOI'O CTaHy YaCTUH-
ku. [Tpobui dynkmil obepits asox tumis: Wi(z,y) = Az exp(—yz) i
WUy (z,v) = Bzexp(—y2%/2), ne y — papianiiinnit napamerp. Bich OZ cupsimosana
BEPTUKAJILHO Jioropu. [Ipuckopennst BiILHOTO Ma iHHA §.

13. OqHoBUMIpHUI JIHHIAHNNE rapMOHIYHUI OCIIUJISITOP MAaCOI0 M 1 4acTOTOI0
® 1epedyBa€e B OCHOBHOMY cTaHi. BapiamiifiHuMm mMeTojoM oTpumaiiTe HabJi»KeHe
3HaveHnHs eHepril ocrmrgaTopa. [Ipodbui dyHkIil 00epiTh IBOX THUIIB:

2\ 1 2\ 2
Uy(z,B)=A(1 —i—% i Uy(z,B) =B |1 —|—% , e B — Bapianiitauii na-
pametp. [lopiBHgiiTe 3 TOUHUMN 3HAYEHHAMU €HEPTiil.

14. OpHoBUMIpHUIT JHHIAHUNE rapMOHIYHUN OCIIUJISITOP Maco M 1 4acTo-
TOIO M 1epedyBae B repiiomy 30y/2KeHoMy cTaHi. BapialliifHuM MeTo0M 3HaN1ITh
HaOJ/IKeHe 3nHadeHHs eHeprii ocruagropa. [Ipodny gyukIiiiio obepiTh y BUTJIsA I
U (x,A) = Aze ! 3 napamerpom A.

15. Hacrunka macoto m mepebysae B norenmianbhiii simi U(x) = —Upd(x),
Uy > 0. Bapiamiitnum MeToj0M oTpumaiiTe Hab/inzKeHe 3HAYCHHs eHepril OCHOB-
woro crany. [Ipobuy dyukiio 3 napamerpom o 0bepith y Burisiai V(x, o) =
Aexp(—az?/2).
kx, k>0,x>0;
oo, x <0,
3HAIITH €HEePril0o OCHOBHOI'O CTaHy BapialliifHUM METOIO0M, 3aCTOCOBYIOUN MPOOHI

16. Jlyist wactunkn, 1o nepedysae B o Burisiny U(x) =

yHKIIT 1715 poMikky = > (0 3 BaplaliifHuM mapaMeTpoM o y BUTJIAJI

Uy (x) = Aze " 1 Uy(x) = Bre *"/?,
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12. HepeasaTuBicTChbKUIii CIIIH MiIKPOYaCTUHKN

YumMasio ekcrepuMeHTa bHIX (DAKTIB (TOHKA CTPYKTYPA CIEKTPaJIbHIX JIHIi
psiJly aTOMIB, aHOMAJIbHII ebeKT 3eeMaHa TOIO) BKA3yOTh HA iICHYBaHHS Y MIKPO-
JACTHHOK CIEIUMITHOIO BHYMPIUHb020 cmenens c6060du. I3 HuM OB’ si3aHMit
BJIACHUIT MOMEHT IMITYJILCY MiKPOYACTUHKU — CTEH, AKUIT He Mae BiJIHOIIEHHS JI0
1T pyXy B IIPOCTOPI.

Crin € 000B‘SI3KOBOIO BJIACTUBICTIO MIKDOYACTUHKN (SIK, HAIPUKJIAJ, Maca
i 3apsiyt) 1 Mae cymo keanmosull rapaxmep. Y pasi Mepexojy 0 KJIaCHIHOI Me-
XaHIKN BiH 00epTaeThed B HYJIb. BeTUInHy 6.4aCcH020 MOMEHMY IMNYADCY MIKPO-
YACTUHKHU BU3HAYAIOTH 32 3araJlbHUMU 3aKOHAMU KBAHTOBOI MEXaHIKU CITTHOBUM

KBaAHTOBUM YUCJIOM:
s = h?s(s 4+ 1). (12.1)

Komyramniiini criBBijiHOMEHHST JIJIsi KOMIIOHEHT OII€paTOpa CIIHY S MaloThb
TOI »Ke BUTJISII, IO i1 JI/Is ollepaTopa MOMEHTY IMITYJIbCY:

[55,5,] = ih ) &ijkSk,
p

T0OTO §; € JIHIHHUME epMITOBMMU olieparopamil. fIK I MOMEHT IMIIYJIbCY, CIIH
3pyYHO BUMipoBaTu B onuHUIIX A. IIpoexiiist ciiny Ha 3aJaHuil HAIIPSIMOK MOYKe
HaOyBaTH KBAHTOBUX 3HAYEHb, IO BIJAPI3HSIOTHCS OJUH BiJl OJIHOrO Ha /i

s, = mgh. (12.2)

Benmmauny m, Ha3uBalOTh MA2ZHIMHUM CNIHOBUM KEAHIMOBUM YUCAOM.
CriHOBOMY MOMEHTY IpHUTaMaHHI BJIACTUBOCTI, 110 HE MAalOTh aHAJIOTIB Y
Teopil MeXaHiIHOro MOMeHTY iMItysibcy. CriH MOoKe HaOyBaTH MiBILINX 3HAYEHD,

HaIIPUKJIQ/L, /15 eJIEKTPOHA, IPOTOHA, HENTPOHA § = 5 oJIHaK, Jijist poToHa S = 1.

Bennmunna mpoexIiil criiny, HaIIpUKJIaI, A eJJeKTPoHa, TPOTOHa, HeHTPpoHa MOXKe

Ha0yBaTH TIJILKU JIBOX 3HAYEHb: :|:§, y TOIl 4ac sK CIIoCTeperKyBaHa IPOEKIlis
MOMEHTY IMITYJIbCY 3aBK/11 HaOyBa€e 3Ha4YeHb, PiBHUX LijoMy ducay h. Tomy mrs
KBAHTOBO-MEXaHIYHOI'O OIKUCY CIIHY 3aCTOCOBYIOTh MaTPUYHUI BULJIsA CIITHOBUX
CTaHIB MIKPOYaCTUHOK.

OCKIJIBKI 9HCJIO CIIOCTEPEXKYBAHUX 3HAUEHD IIPOEKIIT CIIIHY eJIEKTPOHA J0PiB-
HIOE JIBOM, PO3YMHO B POJIl CIIIHOBUX OIIEPATOPIB 3aCTOCOBYBATH KOMILJIEKCH]I MaT-
puIli posMipHicTIo 2 X 2. YV IbOMY BUNAJIKY XBUJILOBUMU (PYHKIIAMEI OY/IyTh
JIBOKOMIIOHEHTHI CTOBIIl KOMILIEKCHUX 4nces — cniHopu. CTaHIapTHI YMOBH,
sKI HaKJIaJal0Th Ha CIIHOPHU, 3BOJSITHLCSA JO TOTO, IO IX e/IeMEeHTH MTOBUHHI OyTH
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OJIHO3HAYHUMU i1 oOMekeHUMU. POPMaJIbHO CIIHOPH B XOJIi PO3B’si3aHHS 3a/1ad

. .. c\ .
MOKHa 3allUCyBaTH y BUIVIS MaTpUllb po3MipHicTIO 2 X 1: q 1 KOMILJIEKCHO-

crpsikenunx: (¢ d*).
BexTop criiny Mae BUTJIST

SO B
s = §h6, (12.3)

Jle 6 — BEKTOP, KOMIIOHEHTH $IKOI'O BUpaskeHl B TaKMil crocio:

~ 1 ~ —1 ~ 1

o, = (1)0 , Oy = 3 02 , O0,= 0_01 : (12.4)
Ocranni orpumasn Haspy mampuusb Ilayai. Bonn MaioTh yci BIacTHBOCTI O11e-
paTopiB MpOEKIIiil criny # BiAIrpaloTh QyHJaMEeHTaIbHY POJIb Y KBAHTOBIH Me-
xXaHini. Po3ristnemo nesiki XapakTepHi MPUKJIaIN.

IMpuknasm 12.1. Yacrunka 3i cninom s = 1/2 nepebyBae B cTafi 3 MeBHUM
3HaUeHHSM S, = h/2. Busnaure iMOBIpHOCTI MOXK/JIMBUX 3HAYEHD IIPOEKIIil CIIHY
Ha Bichb z', iKa yTBOPIOE KyT O 3 BicCio 2.

Pose’azanna. Ockinbku KyT MK ocsMmu 2z 1 2 Bigomuit 1 jgopishioe 9,
HPOEKIIIO CIIHY Ha Bich 2’ 0JaMo y BUIIAM S, = 5 cos V.

Ockinbku Bich 2’ He 36iraerbest i3 z, TO IPOEKIlisl CIiHy BxKe He Oyue Ma-
TU BU3HAYEHOTO 3HAYEHHHA. Y HAC/IJIOK 3araJbHUX BJIACTUBOCTEl floro mpoekiiis
Ha Oy/Ib-gKUIl HAIIPAMOK MOyKe HaOyBaTH TLIbKU JIBOX 3HAYEHD: SS:) = +h/2.
3acTOCOBYIOUN TEOPEMY IIPO MaTeMaTHIHE CIIOJiBaHHSI, MAEMO

_ h h
S = W+SS) + W_si, ) = §W+ — EW_’
e W i W_ — iiMoBIpHOCTI NPOEKIIl CIIiHYy B3J0BXK JI0JIaTHOIO 1 BiJI'€MHOI'O Ha-

LPSIMKIB oci 2’ BIAOBIHO.
Bpaxosytoun Takox, mo W, + W_ =1, orpumyemo BiIIOBI/Ib:
1+ cos® O 1 —cos® O
W,=———"—=cos’=, W_.=—""—=sin’—.
2 2 2 2
IIpukaan 12.2. 3uaiinits BIacH 3HaYeHHs 1 BIacHl GyHKIIT omepaTopa S,
JUTsT 9aCTHHKY 31 crinoMm s = 1/2.
Posze’sazanms. Sanuiemo BiaacHi GyHKIT onepaTopa S, y BALJIAI

a
U, =
v b

i Wy = (a" b"), a Bracui sHadeHHA — 8, = 0,/2 (B omuHUIEX F).
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HeoOximai HAM BeJIMYNHNA 3HAXOIUMO 3 PIBHSIHHS

N 1 /0 1\ (a 1/b a b/2 = s,a,
x\I’s — a:\I’s = - 3 — Ogx
Sl = 8T T g (1 0) (b> 2(a> ’ (b) - a/2 = s;b.

Posp’si3yroun 1110 cucTeMy piBHsHB, OJIEpKIMO S, = +1/2; a = +b. st 3HaX0/]1-
JKeHHsI YUCJIOBUX 3HAYEHDb @ 1 b 3aCTOCYEMO YMOBY HOPMYBAHHS:

a 1

pr;\psmdvz1 = J(a* b*)(b)dxzj(\a|2+\62|)dx=1 = o= = —.

Taxkum 9MHOM, JIJIs1 BJIACHUX 3HAYeHb S, = 1+1/2 onepkyemo BracHi QyHKIIT

R 1 /1 1 /1
orepaTopa Sg: \Ilsmzl/g = ﬁ (1), \Ifsx:fl/2 = E (_1>.

ITpuknamx 12.3. YkaxKiTh BUTJIS] OllepaTopa MPOEKIIil CITiHY Ha JOBLIbHMI
HAIPAMOK, 3aJIaHUI OJIMHUYHIM BEKTOPOM 1.

Poss’azannsa. Oreparop NpoeKIlil CIiHy Ha HAIPSIMOK, 3aJIaHUil OJIMHIY-
HIM BEKTOPOM N, MOXKHA 3alllCaTH y BUIVIAAL §, = 08, ge n = {ng, n,,n,} i
s = {54, Sy, 5. }. Toui, mijicraBistioun 3HaYEHHST KOMIIOHEHT, OJIE€PXKIMO

~

=g (sin 6 cos ¢6,; + sin 6 sin @6, + cos 6G.,)

_h 0 sin 6 cos @ n 0 —1sin@sin @ n
2| \sin6coso 0 7 8in O sin @ 0
4 (o8 0 0 _h [ cos® e "®sin @
0 —cos®/| 2\e®sin® —cosb /)
ITpukaamx 12.4. O64uc/HiTh CKaAJIAPHII JOOYTOK CIIHIB JIBOX YACTHHOK Y

TpumiernoMy (s = 1) i cunrernomy (s = 0) cranax.
Poseg’szanms. CiiH KOXKHOI YACTUHKI [I0JAMO Y BHUIJISI

~ 1. . 1 __
S1 = 57161, So = 57162.

BanuinemMo BUpas3 JI/Id KBaJpaTa olepaTopa CIHY JBOX YaCTUHOK:
s°=58+5;+2(s1-52).

3a moromoroo dopmysn (12.1) gK y TpUILIETHOMY, TaK i B CHHIVIETHOMY

cTaHax MOYKEMO PO3paxyBaTH BjacHi 3HadYeHHs S2, S7 1 83

9 Y

W
0, s=0; 4

N | —
DO o
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3Havenns CKaJsgpHOro JOOYTKY CIIHIB JIBOX YaCTHHOK

SO h? S 3h?
y s =1 crani: (81 -82) = YRR s =0 craui: (81-8y) = Y
Binnosigno B nux cramax: (61-063) =11 (67 -62) = —3.

ITpuknamx 12.5. 3Hali1iTh 3aJI€2KHICTD Bij Yacy CIIHOBOI XBUJILOBOI (DYHK-
1ii 1 cepe/HiX 3HAYEHb KOMIIOHEHT BEKTOpA CIIHY YaCTUHKE 31 criinom s = 1/2 i
MAaIHITHUM MOMEHTOM [, 1110 1epedyBa€ B OJHOPITHOMY CTalliOHAPHOMY MArHITHO-
My TIOJI1.

Posg’azanma. HampaBumMo Bich 2z y370BXK MarfiTHOI'O IOJS 1 3aIlUIIEMO
CIIIHOBY YaCTUHY raMLJIbTOHIaHA y BUTJISIIL: H = —uwHo,. IIpn npoMy piBHSHHS
A(t)

B (t)) 3BOJIUTHCA

HIpeniarepa (5.1) mrst crinoBol xBuboBol yHKIHT W(t) = (
710 CHCTEMH JIBOX DIBHSIHB!

d _ d .
ZA() = i0A(t), = B(t) = —ieB(1),
wH

B

Po3B’s13kn 1IuX piBHSIHB JIAIOTh BUIJIsI XBUILOBOI (DYHKILII:

e o =

10 —10 Feimt
Alt) = Fe™, B(t) = Ge ™ = U(t) = (GB_W),

e F' i G Bu3sHAYAIOTHCsE TTOUATKOBUME yMOBAaMHU, a TakoxK yMosoto |F|2+|G|* = 0.

c
Cepe/ini 3HavYeHHST KOMIIOHEHT BeKTopa criny s(f) = ‘If*(t)i\ll(t) MalOTh

TaKWU BULJIS:

sz(t) = s,(0)cos2mt + s,(0) sin 20t,
sy(t) = s,(0)cos20t —s,(0) sin 20wt,

s.(t) = s,(0) = const,

TOOTO BEKTOD S, (1) mperecye HABKOJIO TOJIST 3 KyTOBOO MIBHIKICTIO 2.

3aBaaHHS JIJIsI CAMOCTITHOTO BUKOHAHHS

1. OmniniTh MiHIMAJBHII PO3MIP €/IeKTPOHA Ha IiJICTaBl HASIBHOCTI CIIHY.
2. 3acrocoBytoun siBHUIT BurIs marpulls [layai (12.4), nepesipre mpas-
JIUBICTH TAKUX CHiBBijHOMEHD ([ — ojmHIYHA MATPHUILST 2 X 2):

[6:,5,] =20 > eudk, {610} =281, & =3I
k
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3. 3HailJliTh oleparopu: 64 = g 10- =~ KOMyTaTOpH IliX
OIIEPATODPIB 3 OLEPATOPAMHE Oy, Oy 1 O,, & TAKOXK KOMYTATOD [Gi, 82]
I\ . 3

4. IIpornopmyiite criHoBi xBuiboBi GyHKIil: Wi = A 3 iV, =0 4
1
5. s crany s = 1/2 sHaiiniTe:

a) KoMyTaropu [S;, 5;] i [§Z,§2];

6) CIiHOBI MaTPUII;
B) XBHJIBOBI (QYHKIT JijIsT BUIQJKIB S, = +1/2;
r) Biiacui GyHkuil 1 BiacHi 3HadeHHst onepaTopiB s, 1 5.

6. 3acTOCOBYIOUN BUIVISIJ OIlepaTopa IPOEKIIil CIIiHY Ha JIOBLILHUI HAIIps-
MOK, 3aIaHUil OJMHUIHIM BeKTOPOM N, (mpukii. 12.3) 3HaiiTh:

a) BeJINUUHY S, V CTAHAX 3 MEeBHUM 3HAYEHHSIM MPOEKIIil CIiHy Ha BiCh Z;

) iiMOBIpHOCTI 3HAYEHB MpoeKIiii criny (41/2) #a HanpsMoK n.

7. Jlyist 1BOX 9aCTUHOK 3i criiHamu § = 1/2 J0BeJiTh, 110 CTAHN 3 BUSHAYEHUM
3HAQYCHHSIM CYMAapHOIO CIIHY € BJACHUMH JIJIS OllepaTopa O - Og, Jie O] 1 Oy —
BijoBiHi MaTpuri [layii 000X 4acTUHOK.

8. ATom BOJHIO HOMIIEHUIT y 30BHiIIHE MarHiTHe 1oje B. s ejnekTpona

ds, . ds,
3HANITH g i d_ty (Bich OZ cripsimoBaHa y3710BK B).

9. BuaiiniTe BiacHi 3HadenHs oneparopa F' = a + bo, ge b — unciosnii
BEKTOD.

. ~\ N . 3
10. CrpocriTs Bupas (ac)”, jge a — uucjaoBuit BekTop; n > 0 — 1ije Juco.
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